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Abstract
Let P be a lattice polytope in Rd, the convex hull of a finite set in Zd, and let
L(P) = P ∩ Zd = {v1, ..., vN},
where N = |L(P)|. We call P a distinct pair-sum or dps polytope if L(P) +L(P) contains N + (N2 )
distinct points. A maximal dps polytope in Rd is a dps polytope for which N = 2d. In 2002, Choi,
Lam and Reznick presented a method for constructing maximal dps polytopes in Rd for every d.
They showed that the maximal dps polygons in R2 are equivalent under unimodular maps to the
triangle with vertices (0, 1), (1, 2), (2, 0), and presented two examples of inequivalent maximal dps
polyhedra in R3.
The main focus of this dissertation is to examine the combinatorial and geometric structure of
dps polyhedra in R3 and to classify them up to unimodular transformations. Using a computer
search and a theorem of Pikhurko, we exploit the relationship between the maximal dps polygons
and maximal dps polyhedra to find all maximal dps tetrahedra up to unimodular transformations.
We also present partial results on maximal dps polyhedra with more than four vertices.
ii
To my parents, for their love and support.
iii
Acknowledgments
First and foremost, I would like to extend my utmost gratitude to my adviser, Dr. Bruce Reznick,
for his guidance during the course of this work. I thank him for having faith in me and recognizing
my potential to achieve academic and research success. His gentle guidence, patience, motivation
and kindness were invaluable to the successful completion of my dissertation. Also, I would like to
thank the other committee members, Drs. Alexander Yong, Jayadev Athreya, and Bruce Carpenter,
for their valuable assistance and participation, and the graduate directors, Drs. Steven Bradlow
and Randy McCarthy, for their support during my graduate studies.
I am grateful for the support from the members of University of Illinois NetMath and Calculus
and Mathematica programs. Of great importance to me was not only the scientific but also the
personal support of the unique people I met at University of llinois, especially Debra Woods and
Dr. Bruce Carpenter. I would also like to thank my undergraduate mathematics professors, Dr.
Barbara Nimershiem and Dr. Wendell Ressler, whose passion for mathematics inspired me to
pursue graduate studies.
I am grateful to my dear friends and graduate student peers for making my time at University
of Illinois memorable: Dr. Marko Orescanin, Dr. Pavle Milosevic, Dr. Tijana Prodanovic, Dr.
Aleksandra Kijac, Dr. Andreas Ehmann, Dr. Vanja Stojkovic, Marko Stojkovic, Vesna Tosic,
Mina Sohaj, Uros Novakovic, Milos Jovanovic, Milos Vasiljevic, Ranko Sredojevic, Amanda Heitz,
Richard Hislop, Pete Glaze, Ayush Talwar, Josh Carron, and my wonderful girlfriend Evelyne
Marino.
Lastly, but not least, I am grateful for the unconditional love, support and encouragement from
my family: my father Ljubomir, mother Dragana, brother Dusan, and sister Nadezda.
iv
Table of Contents
Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Lattice Polytopes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Distinct Pair-Sum Polytopes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Maximal Distinct Pair-Sum Polytopes . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Examples of Maximal DPS Polyhedra in R3 . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Questions of Interest . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Chapter 2 Maximal DPS Polyhedra in R3 with Lattice Width 2 . . . . . . . . . . 13
2.1 Canonical Form for DPS Polyhedra with Lattice Width 2 . . . . . . . . . . . . . . . 13
2.2 Computer Search for Maximal DPS Polyhedra with Lattice Width 2 . . . . . . . . . 16
2.3 Maximal DPS Polyhedra with Configuration 1-4-3 . . . . . . . . . . . . . . . . . . . 17
2.4 Maximal DPS Polyhedra with Configuration 2-4-2 . . . . . . . . . . . . . . . . . . . 24
Chapter 3 Maximal DPS Tetrahedra . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.1 Structure of DPS polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2 Clean Lattice Tetrahedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Computer Search for k-Point Clean Tetrahedra . . . . . . . . . . . . . . . . . . . . . 35
3.4 Clean DPS Tetrahedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.5 Maximal Non-Clean DPS Tetrahedra . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.6 Embedding 3-Point Clean DPS Tetrahedra . . . . . . . . . . . . . . . . . . . . . . . 40
Chapter 4 Volume Bounds for Clean k-Point Tetrahedra . . . . . . . . . . . . . . 42
4.1 Volumes of Lattice Polytopes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.2 Family of Clean k-Point Tetrahedra with Large Volume . . . . . . . . . . . . . . . . 44
4.3 Conjecture on Volume Bound for Clean Tetrahedra . . . . . . . . . . . . . . . . . . . 48
4.4 Collinearity Counterexample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
Chapter 5 Maximal DPS Polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.1 Howe’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.2 DPS Polyhedra with Five Vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.3 Computer Search for Maximal DPS Polyhedra with Five Vertices . . . . . . . . . . . 53
Chapter 6 Directions for Future Research . . . . . . . . . . . . . . . . . . . . . . . 56
Appendix A Computer Search for Maximal DPS Polyhedra with Configuration
1-4-3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
v
Appendix B Computer Search for Maximal DPS Polyhedra with Configuration
2-4-2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
Appendix C Computer Search for Maximal DPS Tetrahedra . . . . . . . . . . . 63
Appendix D Computer Search for Maximum Volumes of Clean k-Point Tetra-
hedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
vi
Chapter 1
Introduction
A convex lattice polytope P ⊂ Rd is called a “distinct pair-sum” polytope or “dps” polytope if all
pairs of lattice points in P have distinct sums. The dps polytopes were originally introduced in
1995 by Choi, Lam and Reznick [5] in their study of the representation of polynomials in several
variables as sums of squares of polynomials. The same authors showed in 2002 that a dps polytope
in Rd contains at most 2d lattice points and that maximal dps polytopes with 2d lattice points exist
in Rd for any d ≥ 1 [6]. This chapter mostly contains background material for the research topics
in this thesis, which are discussed in the last section.
In Section 1.1, we fix the notation on convex and lattice polytopes and give two elementary but
useful results. We state the well-known Pick’s theorem, which relates the area of a convex lattice
polygon to the number of lattice points on the interior and the boundary of the polygon. We also
prove an elementary lemma on lattice points inside a line segment with lattice endpoints which will
be used several times in this thesis.
Sections 1.2, 1.3 and 1.4 summarize the main results by Choi, Lam and Reznick in [6]. In
Section 1.2, we give a formal definition of dps polytopes and their geometric characterization. We
reproduce the proof that the dps polytopes in Rd contain at most 2d lattice points. In Section 1.3,
we introduce maximal dps polytopes and show that the triangle with vertices (0, 1), (1, 2), (2, 0)
is the unique maximal dps polygon in R2 up to unimodular transformations. We also sketch the
inductive construction of maximal dps polytopes in Rd for any d ≥ 1. In Section 1.4, we present
the only two previously known types of maximal dps polytopes in R3: a lattice tetrahedron with
vertices (4, 1, 0), (0, 4, 1), (0, 0, 4), (1, 0, 0) and a family of dps polyhedra with four lattice points in
each of two consecutive parallel lattice planes.
Finally, in Section 1.5, we describe the main questions of this dissertation and state our results
in more detail. We also outline the remaining chapters.
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1.1 Lattice Polytopes
We first introduce some notation from the language of lattices and polytopes from [2], [6], [10], [20]
and [21]. A subset Λ ⊂ Rd, d ≥ 1, is called a lattice, if
Λ is an additive subgroup of Rd;
Λ is discrete; that is, for every bounded set B ⊂ Rd, B ∩ Λ is finite;
Λ spans Rd.
We note that this definition of lattices is more restrictive than another potential definition which
requires that a lattice spans only a subspace of Rd. Unless otherwise specified, we assume that the
lattice in Rd is Zd.
We say that P ⊂ Rd is a convex polytope if it is the convex hull of finitely many points in
Rd. More precisely, given any finite set {v1, ..., vk} ⊂ Rd, the polytope P = cvx{v1, ..., vk} is the
smallest convex set containing these points; or equivalently
P =
{
λ1v1 + λ2v2 + ...+ λkvk :
k∑
i=1
λi = 1 and all λi ≥ 0
}
.
The dimension of a polytope P is the dimension of the affine space
{
λ1v1 + λ2v2 + ...+ λkvk : λi ∈ R and
k∑
i=1
λi = 1
}
.
Given a convex polytope P ⊂ Rd, the hyperplane H = {x ∈ Rd : a · x = b} is called a supporting
hyperplane of P if P ∩ H 6= ∅ and P lies on one side of H; that is, P ⊂ {x ∈ Rd : a · x ≤ b} or
P ⊂ {x ∈ Rd : a · x ≥ b}. A face of P is a set of the form P ∩H. The (d − 1)-dimensional faces
are called facets, the 1-dimensional faces are called edges, and the 0-dimensional faces are called
vertices. We say that two polytopes P and P ′ are of the same combinatorial type provided there
exists a one-to-one correspondence ϕ between the set {F} of all faces of P and the set {F ′} of all
faces of P ′, such that ϕ is inclusion-preserving; that is, F1 ⊂ F2 if and only if ϕ(F1) ⊂ ϕ(F2).
Let {v0, ..., vd} ⊂ Rd be a set of d+1 points in non-degenerate position; that is, dim(span({vi})) =
d. Any w ∈ Rd can then be uniquely written in barycentric coordinates as w =
d∑
i=0
λivi, where∑
λi = 1. The convex hull H = cvx{v0, ..., vd} is a d-dimensional convex polytope having
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{v0, ..., vd} as its set of vertices and is called a d-simplex. The interior of the simplexH, taken in the
usual topological definition, consists of those points whose barycentric coordinates with respect to
{v0, ..., vd} satisfy λi > 0 for i ∈ {0, ..., d}. The boundary of H consists of points whose barycentric
coordinates satisfy λi ≥ 0 for i ∈ {0, ..., d} and λj = 0 for at least one j ∈ {0, ..., d}.
We say that P ⊂ Rd is a lattice polytope if it is a convex hull of finitely many points in Zd; that
is, P is a convex polytope whose vertices are lattice points. From here on, we will assume that all
polytopes are lattice polytopes, unless otherwise stated. We say that an affine map f : Rd → Rd
is a unimodular map if f(v) = Mv + b, where M ∈Md(Z), det(M) = ±1, b ∈ Zd, and v and b are
viewed as column vectors. We note that a unimodular map f preserves volumes, and f−1 is also a
unimodular map. Furthermore, if w =
d∑
i=0
λivi and
d∑
i=0
λi = 1, then
f(w) = f
(
d∑
i=0
λivi
)
= M
d∑
i=0
λivi + b =
d∑
i=0
(Mλivi + λib) =
d∑
i=0
λi(Mvi + b) =
d∑
i=0
λif(vi),
so unimodular maps preserve barycentric coordinates. In particular, they map interior and bound-
ary points to interior and boundary points. We say that two lattice polytopes P and P ′ are
equivalent if there exists a unimodular map f sending the set of vertices of one polytope to the
set of vertices of the other, and we write P ≈ P ′. We note that f does not have to preserve the
indexing of vertices. If two lattice polytopes P and P ′ are equivalent, then they are of the same
combinatorial type, but the converse does not generally hold even for lattice tetrahedra of the same
volume and whose only lattice points are their vertices.
If P ⊂ Rd is a lattice polytope and u ∈ Zd, then its u-width is defined to be max{u · x :
x ∈ P} − min{u · x : x ∈ P}, and its lattice width is the minimum of its u-widths, taken over
u ∈ Zd \ {0}. (Without loss of generality, we may always assume that the components of u have no
common factors.) A polytope P has lattice width w if and only if w is the smallest number so that
P ∩Zd lies in w+ 1 consecutive lattice hyperplanes pij0 , ..., pij0+w, where pij = {x : u · x = j}. Since
u · x = (uM−1) · (Mx) for a unimodular matrix M , the lattice width of a polytope is preserved by
unimodular maps.
We say that a lattice polytope is clean if the only lattice points on its relative boundary are
its vertices. We say that a clean lattice polytope is empty if it does not contains any lattice points
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in its relative interior and that it is a k-point tetrahedron if it contains exactly k lattice points in
its relative interior. An empty lattice polytope does not contain any lattice points other than its
vertices.
A lattice polygon is a lattice polytope in R2. Pick [15] discovered in 1899 that the area of a
lattice polygon can be computed simply by counting the lattice points in the interior and on the
boundary of the polygon, respectively.
Theorem 1.1.1 (Pick’s Theorem) Denote the area of the lattice polygon P by A, the number of
lattice points in the interior of the polygon P by k, and the number of lattice points on the boundary
of P by b. Then the following holds:
A = k + 12b− 1.
An inductive proof of Pick’s Theorem reduces to showing that the formula holds for lattice
rectangles whose edges are parallel to the coordinate axes, and for rectangular lattice triangles
which have no lattice points on the hypotenuse and whose other two sides are parallel to the
coordinate axes (see [7], p.208-209). In Chapter 4, we will discuss generalizations of Pick’s Theorem
in dimensions greater than 2.
Given a vector v = (v1, ..., vd) in Zd, we define gcd(v) = gcd(v1, ..., vd). The following elementary
result will be used later.
Lemma 1.1.2 Let v1 and v2 be two lattice points in Rd. Then the lattice points contained in the
open line segment v1v2 are exactly the points given by v1 + km(v2 − v1), where m = gcd(v2 − v1)
and 0 < k < m. In particular, if the line segment v1v2 contains an interior lattice point w, then
the line segment v1v2 contains two lattice points w1 and w2, so that w1 + w2 = 2w.
Proof. Since m is the largest integer dividing the coordinates of v2−v1, 1m(v2−v1) is the shortest
vector with integer coordinates in the direction of v2− v1. Then wk = v1 + km(v2− v1), 0 ≤ k ≤ m,
are the lattice points on the closed line segment v1v2. The difference between each two consecutive
wk’s is 1m(v2 − v1), so there can be no other lattice points between any two consecutive wk’s.
If v1v2 contains an interior lattice point w, then w1 = w− 1m(v2− v1) and w2 = w+ 1m(v2− v1)
are two lattice points on the closed line segment v1v2 satisfying w1 + w2 = 2w.
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1.2 Distinct Pair-Sum Polytopes
Let P be a lattice polytope in Rd, the convex hull of a finite set in Zd, and let
L(P) = P ∩ Zd = {v1, ..., vN},
where N = N(P) = |L(P)|. We call P a distinct pair-sum or dps polytope if L(P) +L(P) contains
N +
(
N
2
)
distinct points; that is, for vi, vj , vk, vl, not necessarily distinct points in L(P), we have
that vi + vj = vk + vl implies {i, j} = {k, l} as multisets.
Since f and f−1 are inclusion preserving and f restricted to Zd is a bijection, we have f(L(P)) =
L(f(P)). Using this property and linearity of unimodular transformations, it is not difficult to show
that if polytopes P and P ′ are equivalent, then P is dps if and only if P ′ is dps. The results in
the remainder of this section were proven by Choi, Lam and Reznick in [6]. The following are two
geometric characterizations of dps polytopes:
Lemma 1.2.1 ([6, Lemma 1]) Let P be a lattice polytope. Then the following are equivalent:
(1) P is a dps polytope.
(2) L(P) contains neither three collinear points nor the vertices of a nondegenerate parallelogram.
(3) Suppose v 6= v′ and w 6= w′ are in L(P). Then v−v′ is parallel to w−w′ only if {v, v′} = {w,w′}.
Proof. (1)⇒ (2). If L(P) contains a line segment with an interior point, then Lemma 1.1.2 implies
that P is not a dps polytope. If L(P) contains a nondegenerate parallelogram with parallel edges
v1v2 and v3v4, then v1 − v2 = v3 − v4. Thus v1 + v4 = v2 + v3, so P is not a dps polytope.
(2) ⇒ (3). Suppose that v 6= v′ and w 6= w′ are in L(P) so that v − v′ is parallel to w − w′ and
{v, v′} 6= {w,w′}. If {v, v′} and {w,w′} share one point, say v = w, then v − v′ parallel to w − w′
implies that v, v′, w′ are three collinear points in L(P). If {v, v′} and {w,w′} have no common
points and |v − v′| = |w − w′|, then v − v′ parallel to w − w′ implies that vertices v, v′, w, w′ form
a parallelogram. If {v, v′} and {w,w′} have no common points and |v − v′| 6= |w − w′|, we assume
without loss of generality that |v − v′| < |w − w′|. Since v − v′ is parallel to w − w′, then either
w + (v − v′) or w + (v′ − v) lies on the interior of line segment ww′ forming three collinear points
in L(P).
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(3)⇒ (1). If (3) holds for P, and vi, vj , vk, vl ∈ L(P) with i 6∈ {k, l}, then vi− vk 6= λ(vl− vj), and
in particular, vi + vj 6= vk + vl, thus proving (1).
The next result gives an upper bound on the number of lattice points inside a dps polytope.
The proof uses an argument similar to the one used to solve Putnam Problem 1971-A1 (see [1]).
Theorem 1.2.2 ([6, Theorem 2]) Suppose P is a dps polytope in Rd. Then N(P) ≤ 2d.
Proof. If N(P) > 2d, then by the Pigeonhole Principle, there exist two distinct points u, v ∈ L(P)
that are component-wise congruent modulo 2, and therefore, the midpoint of the line segment uv
is also in L(P). By Lemma 1.2.1, polytope P is not a dps polytope.
1.3 Maximal Distinct Pair-Sum Polytopes
In view of Theorem , we say that a dps polytope P in Rd is maximal if N(P) = 2d. We next present
the maximal dps polytopes in R1 and R2.
Example 1. Maximal dps polytopes in R1 are closed intervals of the form [k, k + 1], k ∈ Z.
Example 2. Let T ∗ ⊂ R2 be the lattice triangle with the set of vertices {(0, 1), (1, 2), (2, 0)}.
Then T ∗ is a maximal dps polytope in R2 because it contains four lattice points,
L(T ∗) = {(0, 1), (1, 2), (2, 0), (1, 1)},
and it satisfies the dps property (see Figure 1.1).
We say that a point w is the centroid of the triangle v1v2v3 if w = 13(v1 + v2 + v3). It is easy to
see that T ∗ is a lattice triangle with a lattice point centroid. We next show that the lattice triangle
T ∗ is the unique maximal dps polytope in R2 up to unimodular transformations.
Proposition 1.3.1 A quadrilateral cannot be a maximal dps polytope in R2.
Proof. A maximal dps polytope in R2 contains exactly four lattice points. Suppose that a quadri-
lateral has vertices v1, v2, v3, v4, in order, and no other lattice points. According to Pick’s Theorem,
the quadrilateral v1v2v3v4 has area 1. A quadrilateral with vertices 2v1, 2v2, 2v3, 2v4 has area 4,
6
T*
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5
Figure 1.1: The lattice points of L(T ∗) are on the left, and the lattice points of L(T ∗) +L(T ∗) are
on the right.
since each side is doubled. Furthermore, it has 8 boundary points, namely 2v1, 2v2, 2v3, 2v4, v1 +
v2, v2 + v3, v3 + v4, and v4 + v1. Pick’s Theorem then implies that this quadrilateral has exactly
one interior point, meaning that the midpoints of two diagonals are the same point. Therefore,
v1 + v3 = v2 + v4, so the quadrilateral v1v2v3v4 does not satisfy the dps property.
We recall that the only lattice points on the edges of a clean lattice triangle are its vertices.
Proposition 1.3.2 ([20, pp. 220-223]) A clean lattice triangle in R2 with one interior lattice point
is equivalent to T ∗.
Proof. Let Y ∗ denote a clean lattice triangle with one interior point. According to Pick’s Theorem,
it has area 3/2. We explicitly construct a sequence of unimodular maps whose composition maps
Y ∗ to T ∗. We first translate Y ∗ so that one of its vertices is at (0, 0) and the other two vertices
are (x1, y1) and (x2, y2). Since a side of the resulting triangle may contain lattice points only as
its endpoints, we have that gcd(x1, y1) = 1, so there exist integers α and β so that αx1 + βy1 = 1.
Multiplication by the unimodular matrix M =
(
α β
−y1 x1
)
sends the vertex (x1, y1) to vertex (1, 0).
Since area is preserved by unimodular transformations in two dimensions, multiplication by M
maps vertex (x2, y2) to a point lying either on the line y = 3 or y = −3. Reflection around
the x-axis is a unimodular transformation, so we may assume that (x2, y2) is mapped to (x, 3).
7
The new triangle with vertices {(0, 0), (1, 0), (x, 3)} has no other boundary points, so gcd(x, 3) =
gcd(x − 1, 3) = 1, and therefore, x = 3k + 2 for some integer k. Now, the unimodular map
(x, y) 7→ (−x + ky + 2, 2x − (1 + 2k)y) sends the vertices (0, 0), (1, 0), (3k + 2, 3) to the vertices
of T ∗. The composition of the given unimodular transformations is a unimodular transformation
mapping Y ∗ to T ∗, so the two triangles are equivalent.
Theorem 1.3.3 ([6, p. 5]) Every maximal dps polytope in R2 is equivalent to T ∗.
Proof. A maximal dps polytope in R2 contains four lattice points, so the convex hull of these
points must be either a quadrilateral or a triangle. According to Proposition 1.3.1, it cannot be
a quadrilateral. By Lemma 1.2.1, a dps polygon cannot contain collinear points, so the triangle
is clean and has an interior point. Proposition 1.3.2 then implies that a maximal dps polygon is
equivalent to T ∗ under unimodular maps.
We remark that Reznick first proved in 1978 that a clean lattice triangle with one interior lattice
point w must have w as its centroid [19]. In 1986, Reznick [20] gave two other short proofs of this
result, one using Pick’s Theorem and another using an argument on barycentric coordinates. He
also showed that the clean lattice triangles are equivalent if and only if their interior lattice points
have the same barycentric coordinates. Combining these results gives Proposition 1.3.2.
Choi, Lam and Reznick also showed that the bound N(P) ≤ 2d is sharp for any d ≥ 1 by
inductively constructing maximal dps polytopes in Rd ([6, Theorem 3]). We sketch the idea of
their proof. The set of differences for a maximal dps polytope Pd−1 ∈ Rd−1 is defined to be
D = {vi−vj : vi, vj ∈ L(Pd−1), i 6= j}. Using a dimensional argument, a unimodular matrix M can
be constructed so that D∩M(D) = ∅. Let A = {(vi, 0) : vi ∈ Pd−1} and B = {(Mvi, 1) : vi ∈ Pd−1}.
The only lattice points of Pd = cvx(A∪B) are the lattice points inA∪B and the multiplication byM
ensures that there are no repeating pair-sums, so Pd is a maximal dps polytope in Rd. Geometrically,
Pd is formed by joining two copies of Pd−1 lying on two consecutive parallel hyperplanes in Rd,
so that one copy of Pd−1 has been distorted by the unimodular matrix M to preserve the dps
property.
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1.4 Examples of Maximal DPS Polyhedra in R3
We next present in more detail the only previously known maximal dps polyhedra in R3 from [6].
Example 3. Let P1 be a family of polyhedra with unimodular affine images of T ∗ in each of the
planes z = 0 and z = 1, which can be constructed by picking the appropriate unimodular matrix
M as in the discussion at the end of Section 1.2. The lattice points of these polyhedra are six
vertices and the centroids of two nonadjacent faces.
We give an example of a polyhedron from the family P1. We take a copy of T ∗ in the plane
z = 0 and its unimodular image after multiplication by M = ( 10 33 1 ) in the plane z = 1 with their
respective lattice points
A = {(0, 1, 0), (1, 1, 0), (1, 2, 0), (2, 0, 0)} and B = {(3, 1, 1), (13, 4, 1), (16, 5, 1), (20, 6, 1)}.
Then P1 = cvx(A∪B) does not contain any other lattice points as the two triangles lie in consecutive
planes and the dps property holds, so P1 is a maximal dps polyhedron in R3.
The second example of maximal dps polyhedron is constructed from a set of eight lattice points
in R4 which satisfy the dps property and have the same sum of coordinates. By exploiting the cyclic
symmetry of the coordinates, it can be shown that the eight points are the only lattice points in
their convex hull, so projecting on the first three coordinates gives the maximal dps polyhedron in
R3. We describe the resulting polyhedron in more detail.
Example 4. Let P2 denote the polyhedron which is the convex hull of vertices
{w1, w2, w3, w4} = {(4, 1, 0), (0, 4, 1), (0, 0, 4), (1, 0, 0)}.
The remaining four points in L(P2) are w5 = (2, 1, 1), w6 = (1, 2, 1), w7 = (1, 1, 2), w8 = (1, 1, 1).
We now go beyond [6] to study this tetrahedron in more detail and compute the barycentric
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coordinates of its interior points:
w5 = 2351w1 +
7
51w2 +
11
51w3 +
10
51w4,
w6 = 1051w1 +
23
51w2 +
7
51w3 +
11
51w4,
w7 = 1151w1 +
10
51w2 +
23
51w3 +
7
51w4,
w8 = 751w1 +
11
51w2 +
10
51w3 +
23
51w4.
The polyhedron P2 is a tetrahedron with four interior lattice points, so it is of different combinatorial
type from P1. We note for later reference that P2 contains four sets of four coplanar points
(unimodular copies of triangle T ∗ from Section 1.3):
w5 = 13(w1 + w7 + w8),
w6 = 13(w2 + w5 + w8),
w7 = 13(w3 + w5 + w6),
w8 = 13(w4 + w6 + w7).
Furthermore, each two copies of triangle T ∗ in P2 have exactly two lattice points in common.
For two pairs of triangles, namely {w1w7w8, w3w5w6} and {w2w5w8, w4w6w7}, the triangles in the
pair contain each other’s centroids, and for the remaining four pairs, exactly one triangle contains
the other triangle’s centroid (see Figure 1.2).
1.5 Questions of Interest
While maximal dps polygons in R2 are classified by Theorem 1.3.3, little is known about the
extension of this result to higher dimensions. In fact, constructing examples of maximal dps
polytopes is a non-trivial task even in R3 as verifying the dps property requires knowing the
coordinates of lattice points inside the convex hull. The main focus of this dissertation is on maximal
distinct pair-sum polytopes in R3 and their classification up to unimodular transformations. Using
10
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Figure 1.2: Maximal dps tetrahedron P2 and its four copies of triangle T ∗.
our result on the structure of dps polyhedra (Corollary 3.1.5) and computer searching, we answer
this question for maximal dps tetrahedra in Theorem 3.5.1 and maximal dps polyhedra of lattice
width 2 in Corollary 2.1.6, Theorem 2.3.3 and Theorem 2.4.2. We give partial results for polyhedra
with more than four vertices in Chapter 5. We present four new maximal dps polyhedra with their
vertices listed below:
Q1 = cvx{(0, 0, 0), (0, 0,−1), (3, 6, 1), (5, 1, 1), (4, 3, 1)},
Q2 = cvx{(0, 0,−1), (7, 4,−1), (1, 2, 0), (−1,−1, 1), (−4,−3, 1)},
T6,8,35 = cvx{(0, 0, 0), (1, 0, 0), (0, 1, 0), (6, 8, 35)}
T4,14,39 = cvx{(0, 0, 0), (1, 0, 0), (0, 1, 0), (4, 14, 39)}.
We also investigate the upper bounds for the volume of clean lattice tetrahedra, which we use in
our computer search. We present a family of ten clean lattice tetrahedra with k interior lattice
points for each k ≥ 1, and we conjecture that these are the largest such tetrahedra when k > 10.
We give an overview of each chapter in this thesis.
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In Chapter 2, we show that the maximal dps polyhedra of lattice width 2 can be put in a
canonical form, and we use a computer search to find two unique maximal dps polyhedra, Q1 and
Q2, of lattice width 2. We show that these polyhedra are of different combinatorial type from the
previously known ones.
In Chapter 3, we prove that certain geometric arrangements are forbidden inside dps polyhedra.
This restriction relates the study of dps polyhedra to that of clean lattice tetrahedra. We present
the main results on clean lattice tetrahedra, and we use these results in a computer search to
classify all dps tetrahedra up to unimodular transformations.
In Chapter 4, we give the background on generalizations of Pick’s Theorem in higher dimensions
and state the best bounds known to date relating the volume of lattice polyhedra to the number
of their interior lattice points. Duong’s Conjecture 4.1.1 asserts that the volume of a clean lattice
tetrahedron with k interior lattice points has the volume at most 16(12k + 8) when k > 0 and
that there is a unique clean tetrahedron achieving this bound. We use a computer search and a
proven upper bound by Pikhurko (equation (4.8) in Chapter 4) to show that the conjecture by
Duong indeed holds for k ≤ 35. We extend Duong’s conjecture to a family of the ten largest clean
tetrahedra with k interior lattice points and prove that these tetrahedra indeed contain k interior
lattice points.
In Chapter 5, we use a theorem by Howe (Theorem 5.1.1) on clean polyhedra without interior
lattice points to show that there are no maximal dps polyhedra with eight vertices and that the
maximal dps polyhedra with seven vertices are clean. We also outline a computer search in the
spirit of our approach from Chapter 3, but more computationally involved, which can lead to a
classification of maximal dps polyhedra with five vertices.
Finally, in Chapter 6, we discuss open questions related to our research topics.
12
Chapter 2
Maximal DPS Polyhedra in R3 with
Lattice Width 2
We recall that the polyhedra presented in Examples 3 and 4 in Section 1.4 are the only previously
known maximal dps polyhedra in R3. In this chapter, we show that maximal dps polyhedra in R3
of lattice width 2 can be reduced to a canonical form with four lattice points in the plane z = 0
and the remaining four lattice points in the planes z = 1 and z = −1. We use this result in a
computer search to find the only two maximal dps polyhedra of lattice width 2, up to unimodular
transformations. We examine the combinatorial structure of these two polyhedra and show that
they are of distinct combinatorial type from the ones presented in Examples 3 and 4.
Our approach for constructing new maximal dps polyhedra using a computer search is to start
with a set of lattice points in R3 and then add new lattice points to this set while maintaining the
dps property of the lattice points in the convex hull. The principal difficulty with this method is
that the newly included lattice points might introduce additional lattice points in the convex hull,
which are difficult to compute and might cause a violation of the dps property in the polyhedron.
To confront this issue, we restrict our search to maximal dps polyhedra of lattice width 2, so that
a set of four lattice points in the plane z = 0 is extended to a maximal dps polyhedron by only
including the lattice points lying in the planes z = −1 and z = 1.
2.1 Canonical Form for DPS Polyhedra with Lattice Width 2
In this section, we show that a maximal dps polyhedron P ⊂ R3 of lattice width 2 can be trans-
formed by a unimodular transformation to a polyhedron P ′ with four lattice points in the plane
z = 0 and the remaining four lattice points in the planes z = 1 and z = −1. We will use several
results on general lattices adapted from [2].
If Λ is a lattice in Rd and L is a proper subspace of Rd spanned by a subset of Λ, then there
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exists a point of Λ\L closest to L (see [2, Lemma 10.2]). This property of lattices is used in proving
the following two results.
Theorem 2.1.1 ([2, Theorem 10.4]) Suppose that Λ ⊂ Rd is a lattice. Then there exist vectors
u1, ..., ud ∈ Λ such that every point u ∈ Λ admits a unique decomposition
u =
d∑
i=1
miui, where mi ∈ Z for i = 1, ..., d.
The set {u1, ..., ud} is called a basis of Λ.
Proposition 2.1.2 ([2, Remark 10.5]) Let Λ ⊂ Rd be a lattice, and let L ⊂ Rd be the subspace
spanned by the lattice points, so that Λ1 = Λ ∩ L is a lattice in L. Then any basis {u1, ..., uk} of
Λ1 can be extended to a basis {u1, ..., uk, uk+1, ..., ud} of Λ.
Suppose Λ ⊂ Rd is a lattice and let u1, ..., ud be a basis of Λ. The semi-open parallelepiped
Π = Π(u1, ..., ud) =
{
d∑
i=1
αiui : 0 ≤ αi < 1 for i = 1, ...d
}
is called a fundamental parallelepiped of Λ and its volume is an important lattice invariant under
the change of basis.
Theorem 2.1.3 ([2, Theorem 10.8]) Let Λ ⊂ Rd be a lattice. Then all the fundamental paral-
lelepipeds Π of Λ have the same volume, called the determinant of Λ and denoted det Λ.
We now show that a lattice plane in R3 can be mapped to the plane z = 0. Reeve [17] first
proved the same result in 1957.
Lemma 2.1.4 Suppose that pi is a plane in R3 containing lattice points in Z3. There exists a
unimodular transformation which maps pi to the plane z = 0.
Proof. Let s be a lattice point in pi. We translate s to (0, 0, 0), so that the translates of lattice
points in pi lie in the plane pi′, a subspace of R3. Then L′ = pi′∩Z3 is a lattice in a proper subspace of
R3, so by Theorem 2.1.1, we can pick a basis {v1, v2} of L′, and by Proposition 2.1.2, there exists a
vector v3 so that {v1, v2, v3} is a basis of Z3. Let M be a matrix having v1, v2, v3 as its columns and
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let T (v) = M · v. Then T is a linear transformation which maps vectors (1, 0, 0), (0, 1, 0), (0, 0, 1)
to v1, v2, v3, respectively. By Theorem 2.1.3, T must preserve volumes, so it is a unimodular
transformation. Then the composition of the translation and T−1 is a unimodular map which
sends the plane pi to the plane z = 0.
We note that combining Lemma 2.1.4 with Theorem 1.3.3 implies that every lattice triangle in
R3 with one interior lattice point and no boundary lattice points is equivalent to T ∗. We note that
Example 3 gives essentially the only maximal dps polyhedra in R3 with lattice width 1.
Corollary 2.1.5 A maximal dps polyhedron P ⊂ R3 of lattice width 1 is equivalent to a polyhedron
from the family P1 of Example 3.
Proof. Since P is a polyhedron with lattice width 1, the points in L(P) lie in two consecutive
parallel lattice planes. By Lemma 2.1.4, there exists a unimodular transformation f sending one of
these planes to the plane z = 0. Then f maps the other plane to z = 1 or z = −1, so by translating
up by one unit if necessary, we may assume that the lattice points of f(P) lie in the planes z = 0
and z = 1. Since a dps polyhedron contains at most four points in a plane, f(P) contains four
lattice points in each of the planes z = 0 and z = 1. Therefore, the polyhedron P is equivalent to
a polyhedron from the family P1.
We say that a lattice polyhedron has the configuration 1-4-3 (resp. 2-4-2 ) if it contains one,
four and three (resp. two, four and two) lattice points in three consecutive parallel lattice planes
and no other lattice points.
Corollary 2.1.6 A maximal dps polyhedron P ⊂ R3 of lattice width 2 is either in configuration
1-4-3 or configuration 2-4-2. Furthermore, there exists a unimodular transformation mapping five
lattice points of P to the set {(0, 0, 0), (2, 1, 0), (1, 2, 0), (1, 1, 0), (0, 0,−1)}.
Proof. Since P has lattice width 2, the points of L(P) lie in three consecutive parallel lattice
planes. By Lemma 2.1.4, there exists a unimodular map f sending the middle plane to the plane
z = 0. Since the eight points of L(f(P)) have componentwise different parity, four of them must
lie in the z = 0 plane, and the other four points lie in z = −1 and z = 1. Since f(P) contains
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lattice points in both z = −1 and z = 1 planes, it either contains two lattice points in each plane
or one lattice point in one and three in the other. Therefore, P is either in configuration 1-4-3 or
in configuration 2-4-2.
By Theorem 1.3.3, the four lattice points of f(P) in the z = 0 plane can be mapped by a
unimodular transformation to the points {(0, 0, 0), (2, 1, 0), (1, 2, 0), (1, 1, 0)}. Finally, a unimodular
map g(x, y, z) = (x+az, y+bz, z) fixes the points in the plane z = 0 and moves an arbitrary lattice
point (a, b,−1) in the plane z = −1 to (0, 0,−1).
2.2 Computer Search for Maximal DPS Polyhedra with Lattice
Width 2
We give an overview of our approach for finding maximal dps polyhedra in R3 of lattice width 2
using a computer search. We start with the set I containing four lattice points in the plane z = 0
and one lattice point in the plane z = −1:
I = {p1, p2, p3, p4, p0} = {(0, 0, 0), (2, 1, 0), (1, 2, 0), (1, 1, 0), (0, 0,−1)}.
We say that the set I is the initial configuration and fix the notation for I, p1, p2, p3, p4, p0 as above
for the remainder of this chapter. It is easy to see that the lattice points in I satisfy the dps
property. By Corollary 2.1.6, to find all maximal dps polyhedra of lattice width 2, it is sufficient
to consider extending the set I in two ways: by adding three points in the plane z = 1 or by
adding two lattice points in the plane z = 1 and another lattice point in the plane z = −1. Using a
computer search, we examine all such triples of points that can be added to I without violating the
dps property in the convex hull. Since dps polyhedra do not contain lattice points componentwise
congruent modulo 2, we can reduce the number of triples that have to be examined by not including
the lattice points which have the same componentwise parity as one of the lattice points already in
the polyhedron. The results of our computer search show that there is exactly one dps polyhedron
in each of the two configurations. In the next two sections, we give more details about the algorithm
and the results of each search.
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Figure 2.1: The intersection of line segments p0q1, p0q2, and p0q3 with the plane z = 0.
2.3 Maximal DPS Polyhedra with Configuration 1-4-3
Let q1, q2, q3 be three non-collinear lattice points in the plane z = 1 and let P = cvx(I∪{q1, q2, q3}).
The lattice point p0 = (0, 0,−1) is the only point of the polyhedron P in the plane z = −1. The
triangle q1q2q3 lying in the plane z = 1 is a face of P. According to Pick’s Theorem, the triangle
q1q2q3 contains no lattice points other than its vertices if and only if the area of q1q2q3 is 1/2.
Denote by r1, r2, r3, the points on the shrunk lattice 12Z
3 which are the intersections of the plane
z = 0 and the line segments p0q1, p0q2 and p0q3, respectively (see Figure 2.1). The points r1, r2,
r3 are the midpoints of p0q1, p0q2, p0q3, so the area of q1q2q3 is 1/2 if and only if the area of r1r2r3
is 1/8. The intersection of P with the plane z = 0 is the convex hull of the triangle p1p2p3 in the
initial configuration and the intersection points r1, r2, r3. Therefore, P has configuration 1-4-3 if
and only if the triangle r1r2r3 has area 1/8 and cvx{p1, p2, p3, r1, r2, r3} ∩ Z3 = {p1, p2, p3, p4}.
If P has configuration 1-4-3, then the convex hull of any of ri, 1 ≤ i ≤ 3, and the triangle p1p2p3
cannot contain lattice points other than p1, p2, p3, p4. The following lemma specifies the possible
candidates for intersection points ri.
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Lemma 2.3.1 Let p1, p2, p3 be as above and let r be a point in z = 0. Let R1, R2, R3, R4, R5, R6
be the following regions in z = 0:
R1 = {(x, y, 0) : ((x < 2) ∨ (y < 2))}, R2 = {(x, y, 0) : ((y < 32x+ 12) ∨ (y > 23x− 13))},
R3 = {(x, y, 0) : ((y > 13x) ∨ y < −12x+ 52)}, R4 = {(x, y, 0) : ((y < 3x) ∨ (y < −2x+ 5))},
R5 = {(x, y, 0) : ((y > x− 1) ∨ (y > 0))}, R6 = {(x, y, 0) : ((y < x+ 1) ∨ (x > 0))}.
Then the convex hull of {p1, p2, p3, r} does not contain lattice points other than {p1, p2, p3, p4} if
and only if r lies in R =
6⋂
i=1
Ri. See Figure 2.2 for the shape of R.
Proof. The boundary of region R consists of the straight lines between the vertices of the triangle
p1p2p3 and the lattice points ρ1 = (2, 2, 0), ρ2 = (−1,−1, 0), ρ3 = (3, 1, 0), ρ4 = (1, 3, 0), ρ5 =
(1, 0, 0), ρ6 = (0, 1, 0) (see Figure 2.2). It is not difficult to see that r /∈ Ri if and only if ρi ∈
cvx{r, p1, p2, p3}, and that the only lattice points in R are {p1, p2, p3, p4}.
If r /∈ ⋂Ri, then r /∈ Ri for some i, so cvx{r, p1, p2, p3} contains lattice point ρi.
If r ∈ ⋂Ri, then r ∈ Ri for all i, so cvx{r, p1, p2, p3} does not contain any ρi. If s ∈
cvx{r, p1, p2, p3}, then cvx{s, p1, p2, p3} ⊂ cvx{r, p1, p2, p3}, so cvx{s, p1, p2, p3} does not contain
any ρi. Then s ∈ Ri for all i, so s ∈ R. Therefore, cvx{r, p1, p2, p3} ⊂ R, and since the only lattice
points in R are {p1, p2, p3, p4}, these are also the only lattice points in cvx{r, p1, p2, p3}.
By Lemma 2.3.1, if P contains exactly four lattice points in the plane z = 0, each ri must lie
in A0 = R ∩ 12Z3. We say that A0 is the set of admissible points. We remark that the importance
of Lemma 2.3.1 is that it reduces the search space for ri and qi that has to be explored in the
extensions of I to a finite set. In that sense, this lemma enables the computer search.
We now give the exact steps involved in extending the initial configuration I to a maximal dps
polyhedron P in configuration 1-4-3 using a computer search. Using inequalities in the definition
of region R in Lemma 2.3.1, we can compute all 43 admissible points in A0. We then select all
triples {r1, r2, r3} ⊂ A0 such that the area of r1r2r3 is 1/8. While the last condition is necessary
for P to be in configuration 1-4-3, it is not sufficient (see Example 5). It remains to check that
cvx{p1, p2, p3, r1, r2, r3} ∩Z3 = {p1, p2, p3, p4}. Finally, for each of r1, r2, r3, we compute the corre-
sponding vertex of P in the z = 1 plane using qi = 2ri − p0 and check that the dps property holds
18
-4 -2 0 2 4 6
-4
-2
0
2
4
6
Figure 2.2: The set of admissible intersection points zi in the plane z = 0. The region R is shaded,
the black points are in Z2 and the white points are in 12Z
2
for the set I ∪ {q1, q2, q3}. Since we examine all triples {r1, r2, r3} ⊂ A0, this search is guaranteed
to find all dps polyhedra in configuration 1-4-3.
The only ambiguity left in the computations used by our computer search is how to check
whether the condition cvx{p1, p2, p3, r1, r2, r3} ∩ Z3 = {p1, p2, p3, p4} is satisfied. This is compu-
tationally the most expensive calculation of our search, so we change the order of computation of
our algorithm so that this computation is the last one performed in the iteration for each triple
{r1, r2, r3}; that is, we perform this calculation only if {r1, r2, r3} satisfies the area and dps restric-
tions. To give an idea about the size of the search space, there are
(
43
3
)
= 12341 triples {r1, r2, r3}
of admissible points, 780 triangles r1r2r3 that have the area 1/8, and 24 triples that also satisfy
the dps property. The last two numbers can be divided by 6 if we first identify the polyhedra
equivalent under unimodular transformations fi which permute the lattice points p1, p2, p3 in the
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plane z = 0 and fix the vertex p0:
f1(x, y, z) = (x, y, z), f2(x, y, z) = (y, x, z),
f3(x, y, z) = (1− x+ y + z, 2− x+ 2z, z), f4(x, y, z) = (1 + x− y + z, 2− y + 2z, z),
f5(x, y, z) = (2− x+ 2z, 1− x+ y + z, z), f6(x, y, z) = (2− y + 2z, 1 + x− y + z, z).
Using this reduction, we only have to check the above convex hull property in the z = 0 plane for
four distinct triples {r1, r2, r3}:
{(72 , 12 , 0), (3, 32 , 0), (32 , 4, 0)}, {((72 , 12 , 0), (0,−12 , 0), (−32 ,−1, 0)},
{(3, 12 , 0), (52 , 32 , 0), (32 , 3, 0)}, {(32 , 3, 0), (52 , 12 , 0), (2, 32 , 0)}.
We can conclude by observing these four cases that no new lattice points are added only in the
case of the last triple, thus yielding the unique maximal dps polyhedron in configuration 1-4-3 (see
Theorem 2.3.3 below). We give the pseudocode for this computer search in Algorithm 1 and its
full implementation in Mathematica in Appendix A.
Algorithm 1 Algorithm for Finding Maximal DPS Polyhedra with Configuration 1-4-3
1: Q ← ∅ . Q is the set of maximal dps polyhedra with configuration 1-4-3.
2: I ← {p1, p2, p3, p4, p0} . I is the initial configuration.
3: compute A0 . A0 is the set of admissible points in the region R.
4: for {r1, r2, r3} ⊂ A0 do
5: if triangle r1r2r3 has area 1/8 then
6: compute q1, q2, q3 from p0, r1, r2, r3
7: if I ∪ {q1, q2, q3} satisfies the dps property then
8: append I ∪ {q1, q2, q3} to Q
9: end if
10: end if
11: end for
12: identify equivalent polyhedra in Q
13: select the polyhedra in Q which satisfy cvx{p1, p2, p3, r1, r2, r3} ∩ Z3 = {p1, p2, p3, p4}
Proposition 2.3.2 Algorithm 1 outputs all maximal dps polyhedra with configuration 1-4-3 and
no others.
Proof. By Corollary 2.1.6, a maximal dps polyhedron Q with configuration 1-4-3 is equivalent
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to a polyhedron containing I = {p1, p2, p3, p4, p0} and three lattice points q1, q2, q3 in the plane
z = 1. Since Q contains four lattice points in the plane z = 0, then cvx{p1, p2, p3, r1, r2, r3} ∩Z3 =
{p1, p2, p3, p4}, and in particular, cvx{p1, p2, p3, ri} ∩ Z3 = {p1, p2, p3, p4}. By Lemma 2.3.1, it
is sufficient to consider extending the set I by only adding the lattice points q1, q2, q3 in z = 1
with the corresponding r1, r2, r3 in the region R. As in the above discussion, the polyhedron
cvx(I ∪ {q1, q2, q3}) contains three lattice points in the plane z = 1 and four lattice points in the
plane z = 0 if and only if the conditions in Lines 5 and 13 of Algorithm 1 are satisfied. Finally, the
polyhedron cvx(I ∪ {q1, q2, q3}) with configuration 1-4-3 is a maximal dps polyhedron if and only
if the dps property in Line 7 is satisfied.
We next give a representative example where the computer search fails to produce a maximal
dps polyhedron.
Example 5. Let r1 = (3, 12 , 0), r2 = (
5
2 ,
3
2 , 0), r3 = (
3
2 , 3, 0) be three admissible points in region
R. The corresponding vertices of the polyhedron P are q1 = (6, 1, 1), q2 = (5, 3, 1), q3 = (3, 6, 1). It
is easy to verify that the area of the triangle q1q2q3 is 1/2 and that the dps property holds for the
set I ∪ {q1, q2, q3}. However, the convex hull of {p1, p2, p3, r1, r2, r3} is the quadrilateral p1r1r2r3
which contains a new lattice point s = (2, 2, 0) (see Figure 2.3). Therefore, P contains five lattice
points in the plane z = 0, so it is not a dps polyhedron.
The computer search finds exactly one maximal dps polyhedron Q1 with configuration 1-4-3,
obtained by adding q1 = (3, 6, 1), q2 = (5, 1, 1), q3 = (4, 3, 1) to the initial configuration I.
Theorem 2.3.3 The polyhedron Q1 given by
Q1 = cvx{(0, 0, 0), (2, 1, 0), (1, 2, 0), (1, 1, 0), (0, 0,−1), (3, 6, 1), (5, 1, 1), (4, 3, 1)}
is a maximal dps polyhedron which is of different combinatorial type from the polyhedra in the
family P1 and the polyhedron P2.
Proof. Let q1 = (3, 6, 1), q2 = (5, 1, 1), q3 = (4, 3, 1). Checking that the polyhedron Q1 satisfies the
dps property is a routine calculation once we know all of its lattice points, so we focus on showing
that L(Q1) = I ∪ {q1, q2, q3}. Since the triangle q1q2q3 has area 1/2, Pick’s Theorem guarantees
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Figure 2.3: An illustration of Example 5: cvx{p1, p2, p3, r1, r2, r3} ∩ Z3 6= {p1, p2, p3, p4}
that this triangle has no interior or boundary lattice points. It remains to check whether Q1
contains any additional lattice points in the plane z = 0. We have that r1 = (32 , 3, 0), r2 = (
5
2 ,
1
2 , 0),
and r3 = (2, 32 , 0) are midpoints of the line segments p0q1, p0q2, and p0q3, respectively. Then
Q1 ∩ {z = 0} = cvx{p1, p2, p3, r1, r2, r3} is the triangle p1r1r2 since
p2 = 19p1 +
2
9r1 +
2
3r2,
p3 = 13p1 +
2
3r1,
r3 = 127p1 +
11
27r1 +
5
9r2.
It is easy to check that p1, p2, p3, p4 are the only lattice points contained in triangle p1r1r2 as the
point (2, 2, 0) is the only other lattice point that has to be verified (see Figure 2.4). Since p1 is a
vertex of Q1 ∩ {z = 0} and Q1 does not contain collinear lattice points, then p1 is a vertex of Q1.
Since p2 and p3 are not vertices of Q1∩{z = 0}, then they are not vertices of Q1. The lattice points
of Q1 in the planes z = −1 and z = 1 are also its vertices, so the polyhedron Q1 has five vertices
p0, p1, q1, q2, q3 and is therefore of distinct combinatorial type from the polyhedra in P1 with six
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vertices and the polyhedron P2 with four vertices.
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Figure 2.4: The intersection of the polyhedron Q1 with the plane z = 0.
The polyhedron Q1 has an additional property that all of its non-vertex lattice points are
centroids of lattice point triangles (unimodular copies of T ∗) contained in Q1:
p2 = 13(p0 + p3 + q2),
p3 = 13(p0 + p1 + q1),
p4 = 13(p1 + p2 + p3).
We note that the third equality is assumed in the initial configuration and that p3 is the centroid
of the face p0p1q1 of Q1. Each two unimodular copies of T ∗ in Q1 share exactly two lattice points,
and in each pair of such triangles, exactly one of them contains the centroid of the other. We also
note that lattice points p2 and p4 are interior points in Q1. Finally, Q1 is a bipyramid ; that is, it
can be decomposed into two tetrahedra p1q1q2q3 and p1q1q2p0 sharing the common face p1q1q2.
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Figure 2.5: Maximal dps polyhedron Q1.
2.4 Maximal DPS Polyhedra with Configuration 2-4-2
We stay with the same initial configuration as in Sections 2.2 and 2.3:
I = {p1, p2, p3, p4, p0} = {(0, 0, 0), (2, 1, 0), (1, 2, 0), (1, 1, 0), (0, 0,−1)}.
We now extend the set I to a polyhedron P by adding two lattice points, q1 and q2, in the plane
z = 1 and one lattice point, q3, in the plane z = −1. The intersection of P with the plane z = 0
is cvx{p1, p2, p3, r1, r2, r3, r4}, where r1, r2, r3, r4 are midpoints of the line segments p0q1, p0q2,
q3q1, q3q2, respectively (see Figure 2.6). Following a similar analysis as in Section 2.3 and by
Lemma 1.1.2, we have that polyhedron P has configuration 2-4-2 if and only if gcd(q2 − q1) = 1,
gcd(q3 − p0) = 1 and cvx{p1, p2, p3, r1, r2, r3, r4} ∩ Z3 = {p1, p2, p3, p4}.
The main idea which enables the computer search for maximal dps polyhedra with configuration
2-4-2 is the same as with the configuration 1-4-3; that is, the midpoints ri of the line segments
joining the vertices of P in z = −1 to the vertices in z = 1 must not introduce new lattice points
in the plane z = 0, and therefore they must lie in the previously studied set of admissible points
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Figure 2.6: The intersection of line segments p0q1, p0q2, q1q3 and q1q3 with the plane z = 0.
A0 (see Figure 2.2). The algorithm first picks pairs of admissible points r1, r2 and computes their
corresponding q1 and q2 in z = 1, while selecting only those pairs satisfying gcd(q2 − q1) = 1. For
each such qi, 1 ≤ i ≤ 2, let Ai be the intersection of the plane z = −1 with all the lines passing
through qi and the admissible points in A0. If q3 ∈ A1 ∩A2, then q3 is a point in z = −1 such that
the intersections of q1q3 and q2q3 with z = 0 plane is in A0. To ensure that P does not contain
lattice points inside the open line segment p0q3, it remains to check that gcd(q3 − p0) = 1. After
identification by unimodular transformations fi displayed in the previous section, there are only
twelve triples {q1, q2, q3} which satisfy the above criteria and the dps condition. While this choice
of qi and the corresponding ri implies that cvx{p1, p2, p3, ri}∩Z3 = {p1, p2, p3, p4}, we still have to
select the polyhedra for which cvx{p1, p2, p3, r1, r2, r3, r4} ∩ Z3 = {p1, p2, p3, p4}. We observe that
only four of the twelve triples satisfy this additional requirement (see Appendix B). These four
remaining polyhedra can be identified by four unimodular transformations: two transformations
permute the vertices within each of the planes z = 1 and z = −1, and two transformations exchange
the vertices in z = 1 with the vertices in z = −1. We give the pseudocode for this computer search
in Algorithm 2 and leave the computational details and an implementation of the computer search
in Mathematica for Appendix B.
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Algorithm 2 Algorithm for Finding Maximal DPS Polyhedra with Configuration 2-4-2
1: Q ← ∅ . Q is the set of maximal dps polyhedra with configuration 2-4-2.
2: I ← {p1, p2, p3, p4, p0} . I is the initial configuration.
3: compute A0 . A0 is the set of admissible points in the region R.
4: for {r1, r2} ⊂ A0 do
5: compute q1, q2 from p0, r1, r2
6: if gcd(q2 − q1) = 1 then
7: compute A1, A2 from q1, q2
8: for q3 in A1 ∩ A2 do
9: if gcd(q3 − p0) = 1 then
10: compute r3, r4 from q1, q2, q3
11: if I ∪ {q1, q2, q3} satisfies the dps property then
12: append I ∪ {q1, q2, q3} to Q
13: end if
14: end if
15: end for
16: end if
17: end for
18: identify equivalent polyhedra in Q
19: select the polyhedra in Q which satisfy cvx{p1, p2, p3, r1, r2, r3, r4} ∩ Z3 = {p1, p2, p3, p4}
Proposition 2.4.1 Algorithm 2 outputs all maximal dps polyhedra with configuration 2-4-2 and
no others.
Proof. Similar to the proof of Proposition 2.3.2, the result follows from Corollary 2.1.6, Lemma
2.3.1, and the necessary and sufficient conditions for the polyhedron cvx(I ∪ {q1, q2, q3}) to be a
dps polyhedron in configuration 2-4-2, as discussed above.
We next describe the unique maximal dps polyhedron with configuration 2-4-2 found by Algo-
rithm 2.
Theorem 2.4.2 The polyhedron Q2 given by
Q2 = cvx{(0, 0, 0), (2, 1, 0), (1, 2, 0), (1, 1, 0), (0, 0,−1), (−1,−1, 1), (−4,−3, 1), (7, 4,−1)}
is a maximal dps polyhedron with configuration 2-4-2. Furthermore, Q2 is not equivalent to the
polyhedra from the family P1 and the polyhedra P2 and Q1.
Proof. Let q1 = (−1,−1, 1), q2 = (−4,−3, 1), q3 = (7, 4,−1). Checking that the polyhedron Q2
satisfies the dps property is a routine calculation once we know all of its lattice points, so we focus
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on showing that L(Q2) = I ∪ {q1, q2, q3}. Since gcd(q2 − q1) = gcd(q3 − p0) = 1 is easily seen
to be satisfied, it remains to show that cvx{p1, p2, p3, r1, r2, r3, r4} ∩ Z3 = {p1, p2, p3, p4}. The
four midpoints of line segments between lattice points of Q2 in the planes z = −1 and z = 1
are r1 = (−12 ,−12 , 0), r2 = (−2,−32 , 0), r3 = (3, 32 , 0), r4 = (32 , 12 , 0). The intersection of Q2 with
the z = 0 plane is the quadrilateral p3r2r4r3 shown in Figure 2.7 whose only lattice points are
p1, p2, p3, p4, and therefore Q2 has configuration 2-4-2. All except for one lattice point of Q2 in
z = 0 are absorbed in the interior of the intersection quadrilateral, so Q2 has a vertex p3 and three
interior lattice points, p1, p2, p4, in this plane. The four lattice points of Q2 in the planes z = −1
and z = 1 are also its vertices, so Q2 has five vertices p3, p0, q1, q2, q3, and is therefore not of the
same combinatorial type as the polyhedra in the family P1 or the polyhedron P2. Furthermore, Q2
contains three interior lattice points, so it is not equivalent to polyhedron Q1, which has only two
interior lattice points.
p1
p2
p3
p4
r1
r2
r4
r3
-2 -1 1 2 3
-2
-1
1
2
Figure 2.7: Intersection of the polyhedron Q2 with the plane z = 0. Note the subtle change of slope
in boundary at the point (32 ,
1
2). The quadrilateral p3r2r4r3 does not contain the point (−1,−1).
The polyhedron Q2 is a bipyramid composed of tetrahedra p3q2q3q1 and p3q2q3p0 sharing the face
p3q2q3. We note that each interior point in Q2 is a centroid of exactly one lattice point triangle
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contained in Q2:
p1 = 13(p0 + p4 + q1),
p2 = 13(p1 + q1 + q3),
p4 = 13(p1 + p2 + p3).
Triangles p0p4q1 and p1p2p3 contain each other’s centroid, while for other two pairs of triangles,
exactly one triangle contains the centroid of the other.
Finally, we point out that there is no guarantee that lattice points of a dps polyhedron lie in
three consecutive parallel planes. Indeed, the tetrahedron P2 from Example 4 is such a maximal dps
polyhedron with lattice width 3. Our computer search approach does not generalize for polyhedra of
larger lattice widths, as the computations of convex hulls in intermediate planes become significantly
more complex.
28
Chapter 3
Maximal DPS Tetrahedra
We recall that a lattice polytope is clean if its relative boundary contains no lattice points other
than the vertices and that T ∗ is a clean lattice triangle with exactly one interior lattice point, which
is the triangle’s centroid. We also recall that a clean lattice tetrahedron is empty if its only lattice
points are its vertices and that it is a k-point tetrahedron if it contains exactly k interior lattice
points.
All examples of maximal dps polyhedra in Chapter 2 had the property that the unimodular
copies of T ∗ inside the polyhedra either had no common lattice points or shared exactly two lattice
points. In the latter case, either the lattice centroid of one copy of T ∗ was a vertex of the other
and vice versa or the centroid of exactly one copy of T ∗ was contained in the other. In Section 3.1,
we show that these are the only three possible arrangements of copies of T ∗ inside dps polyhedra
in R3.
We first show that a dps polytope in Rd cannot contain two unimodular copies of T ∗ sharing
an edge. This restriction implies that a dps tetrahedron is either clean or exactly one of its faces
is a unimodular copy of T ∗ and that, in the latter case, the dps tetrahedron contains a clean
tetrahedron. In Section 3.2, we state several results on clean lattice tetrahedra summarized in
[21]. In Sections 3.3-3.5, we combine these results with the results on volume bounds for lattice
tetrahedra from [8] and [16] in a computer search to classify all non-empty clean dps tetrahedra
and all maximal dps tetrahedra up to unimodular transformations. In Section 3.6, we consider
extensions of 3-point clean dps tetrahedra to maximal dps polyhedra that we have found.
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3.1 Structure of DPS polyhedra
We now examine the arrangements that unimodular copies of T ∗ can have inside dps polytopes. We
first show that if two copies of T ∗ share two lattice points, then two arrangements are forbidden.
Lemma 3.1.1 A dps polytope in Rd cannot contain two unimodular copies of T ∗ sharing an edge
or sharing the same centroid and another vertex.
Proof. Suppose that two triangles v1v2v3 and v1v2v4 share the edge v1v2. Their centroids are
given by
z1 = 13(v1 + v2 + v3),
z2 = 13(v1 + v2 + v4).
We then have that v3 − v4 = 3(z1 − z2), so 3 divides gcd(v3 − v4), so by Lemma 1.1.2, it follows
that the line segment v3v4 contains interior lattice points. By Lemma 1.2.1, a dps polytope cannot
contain three collinear points.
Suppose that two triangles sharing a vertex are v1v2v3 and v1v4v5 and that they also share the
same centroid z. We then have
z = 13(v1 + v2 + v3),
z = 13(v1 + v4 + v5).
Then v2 + v3 = v4 + v5, so the dps property does not hold.
An immediate corollary is that a dps tetrahedron is either clean or must contain a clean lattice
tetrahedron.
Corollary 3.1.2 A dps tetrahedron is either clean or has exactly one face which is a unimodular
copy of T ∗. In the latter case, at least one of the three tetrahedra corresponding to three triangles
of T ∗ is clean.
Proof. Each pair of faces of a tetrahedron have a common edge, so by Lemma 3.1.1, a dps tetrahe-
dron cannot have two faces which are unimodular copies of T ∗. Suppose that a dps tetrahedron has
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a face v1v2v3 with centroid v0, which is then a unimodular copy of T ∗, and that the fourth vertex of
the tetrahedron is v4 (see Figure 3.1). Since triangles v0v1v4, v0v2v4 and v0v3v4 have the common
edge v0v4, Lemma 3.1.1 implies that at most one of these triangles has a lattice centroid. If none
of these triangles have a lattice centroid, then all of tetrahedra v0v1v2v4, v0v1v3v4 and v0v2v3v4 are
clean. If we assume without loss of generality that the triangle v0v1v4 has a lattice centroid, then
it follows that the opposing tetrahedron v0v2v3v4 is clean.
v1
v2
v3
v0
v4
Figure 3.1: A nonclean tetrahedron v1v2v3v4 containing smaller clean tetrahedron v0v2v3v4.
In all of our examples of maximal dps polyhedra so far, a lattice point in a dps polyhedron is a
centroid of at most one lattice triangle in the polyhedron. The following shows that this is not by
chance and that a stronger statement is true for all dps polyhedra.
Lemma 3.1.3 Let V = {v1, v2, v3, v4} and W = {w1, w2, w3, w4} be two sets of points in Z3 so
that vi 6≡ vj mod 2, wi 6≡ wj mod 2, and the following property holds:
v1 + v2 + v3 + v4 ≡ 0 mod 2,
w1 + w2 + w3 + w4 ≡ 0 mod 2. (3.1)
Then, V and W cannot share exactly one point in the same component-wise congruence class
modulo 2.
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Proof. Suppose without loss of generality that v4 and w4 are the two points in the same congruence
class modulo 2 and that the point u is in the missing eighth congruence class modulo 2. We have
that v1 + v2 + v3 + v4 + w1 + w2 + w3 + u ≡ 0 mod 2, and since (3.1) holds, the equality implies
that w4 ≡ u mod 2, but we chose u to be in a different congruence class modulo 2 from w4.
Corollary 3.1.4 A dps polyhedron in R3 cannot not have two unimodular copies of T ∗ sharing
exactly one lattice point.
Proof. Suppose that the two triangles are v1v2v3 and w1w2w3 with their centroids v4 and w4,
respectively. We then have that 3v4 = v1 + v2 + v3 and 3w4 = w1 + w2 + w3. In particular, we
have that v1 + v2 + v3 + v4 ≡ 0 mod 2 and w1 + w2 + w3 + w4 ≡ 0 mod 2. The dps property of
T ∗ implies that all vi lie in different component-wise congruence classes modulo 2 and all wj lie
in different component-wise congruence classes modulo 2. By Lemma 3.1.3, we cannot have that
vi = wj for exactly one pair (vi, wj).
We now combine the above results to give the only possible arrangements of two unimodular
copies of T ∗ inside a dps polyhedron.
Corollary 3.1.5 Let T1 and T2 be two unimodular copies of T ∗ in a dps polyhedron P. Then the
only possible geometric arrangements of T1 and T2 in P are as follows:
(1) T1 and T2 have no common lattice points.
(2) The centroid of T1 is a vertex of T2, and the centroid of T2 is a vertex of T1.
(3) T1 and T2 share exactly two lattice points, one being the centroid of one copy of T ∗ and a vertex
of the other.
Proof. If T1 and T2 share three lattice points, then they are coplanar and either the same triangle
or their union has five lattice points in the same plane, but P is dps and contains at most four
lattice points in each plane. By Corollary 3.1.4, T1 and T2 share either zero or two lattice points.
If they share two lattice points, by Lemma 3.1.1, they cannot have a common edge, so the shared
line segment must connect the vertex and the centroid of at least one of them. The case when the
centroid of one is also the centroid of the other is also prohibited by Lemma 3.1.1, so the remaining
cases are precisely (2) and (3) (see Figure 3.2).
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Figure 3.2: Two intersecting configurations of T1 and T2. Note that two triangles are not coplanar.
While Corollary 3.1.4 states that a lattice point cannot be the centroid of more than one lattice
triangle inside a dps polyhedron, later in this chapter we will present a maximal dps tetrahedron
whose interior lattice points are not necessarily centroids of any lattice triangles in the tetrahedron.
Moreover, we will give an example of a maximal dps tetrahedron which does not contain a copy of
T ∗. We note that the examples of maximal dps polyhedra from Chapter 2 show that all three cases
of Corollary 3.1.5 are realizable. In Example 3, the polyhedra in the family P1 have two copies of
T ∗ lying in two parallel planes, so they do not intersect. In Example 4, the polyhedron P2 has four
copies of triangles T ∗ such that two pairs of triangles are in configuration (2) and the other four
pairs of triangles are in configuration (3) of Corollary 3.1.5.
3.2 Clean Lattice Tetrahedra
In view of Corollary 3.1.2, we now shift focus to study clean lattice tetrahedra. Most of the
background in this section is adapted from the 2006 paper by Reznick [21], which in part summarizes
the main results on clean lattice tetrahedra.
For (a, b, n) in Z3, we define Ta,b,n to be the tetrahedron with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0)
and (a, b, n). When (a, b, n) is given, we fix the notation c = 1 − a − b, as this hidden parameter
plays the equivalent role as a and b in the results below. It can be shown from Lemma 2.1.4
and the fact that reflections and Euclidean shears f(x, y, z) = (x + az, y + bz, z) are unimodular
transformations, that every lattice tetrahedron containing a face whose only lattice points are its
vertices is equivalent to some tetrahedron Ta,b,n with 0 ≤ a, b ≤ n − 1, n > 0. For two tetrahedra
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in this form, Ta,b,n and Td,e,n′ , the necessary and sufficient condition for Ta,b,n ≈ Td,e,n′ can be
determined by considering the 24 affine maps taking the vertices of the tetrahedron Ta,b,n to the
vertices of Td,e,n′ and examining the conditions under which they have integral coefficients.
Lemma 3.2.1 ([20, Theorem 5.6], [21, Lemma 1], [12, Theorem 5.1]) We have Ta,b,n ≈ Td,e,n′ if
and only if |n| = |n′| and d and e are congruent (mod |n|) to two of the elements in one of the
following triples:
(a, b, c), (a−1,−ba−1,−ca−1), (b−1,−ab−1,−cb−1), (c−1,−ac−1,−bc−1), (3.2)
where inverses of a, b, and c are taken mod n. If any of {a, b, c} is not invertible mod |n|, then
the corresponding triple does not appear in the above list.
The following condition for Ta,b,c to be clean was initially studied by Reeve [17] in 1957, and
the proof can be completed using the results of White [23] in 1964.
Theorem 3.2.2 ([17, pp. 389-390], [23, Theorem 2], [21, Theorem 3]) The lattice tetrahedron T
is clean if and only if T ≈ T0,0,1 or T ≈ Ta,b,n where
n ≥ 2, 0 ≤ a, b ≤ n− 1, gcd (a, n) = gcd (b, n) = gcd (c, n) = 1. (3.3)
The proof of one direction places the tetrahedron in the position Ta,b,n as in the remark at the
beginning of this section. By considering the plane equations of each face, it can be seen that the
gcd conditions of (3.3) imply that the only lattice points on each face are the vertices. The other
direction essentially reduces to applying Lemma 1.1.2 for each edge of Ta,b,n containing (a, b, n).
The following result can be used to compute the number of interior lattice points inside a clean
tetrahedron Ta,b,n.
Theorem 3.2.3 ([21, Theorem 4(i)]) Suppose that Ta,b,n is clean and let
At :=
{
t(n− c)
n
}
+
{
t(n− a)
n
}
+
{
t(n− b)
n
}
+
{
t
n
}
. (3.4)
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Then the number of interior points in Ta,b,n is equal to
|{t : 1 ≤ t ≤ n− 1 and At = 1}|. (3.5)
Theorem 3.2.3 can be put together from several theorems in [20] and is explicitly stated in
[21]. The proof computes the barycentric coordinates for a lattice point (r, s, t) with respect to the
vertices of Ta,b,n. The four fractional parts of At in (3.4) are barycentric coordinates of the point
(r, s, t) if and only if it lies in the interior of Ta,b,n.
The characterization of empty tetrahedra was first made by White [23]:
Theorem 3.2.4 ([23, pp. 390-394]) The clean lattice tetrahedron is empty if and only if T ≈ T0,0,1
or T ≈ T1,d,n where gcd(d, n) = 1 and 1 ≤ d ≤ n− 1.
The main result of [21] is the classification of all clean 1-point tetrahedra:
Theorem 3.2.5 ([21, Theorem 7]) If T is a 1-point lattice tetrahedron, then T is equivalent to
T3,3,4, T2,2,5, T2,4,7, T2,6,11, T2,7,13, T2,9,17, T2,13,19 or T3,7,20.
The proof uses the fact that 1-point tetrahedron subdivides into four empty tetrahedra and an
arithmetic property of barycentric coordinates to reduce the set of barycentric coordinates to only
seven possibilities up to permutations.
3.3 Computer Search for k-Point Clean Tetrahedra
We briefly discuss the volume bounds for k-point lattice tetrahedra. In 1957, Reeve [17] presented
the family of empty tetrahedra T1,1,n of arbitrarily large volume. For tetrahedra with at least one
interior lattice point, a special case of Pikhurko’s bound in [16] shows that the volume of a k-point
lattice tetrahedron is at most 31
3
3!352 · k < 856 · k, and this is the best known bound to date. Duong
[8] conjectured that the volume of a k-point clean tetrahedron with k ≥ 1 is at most 16(12k+ 8). In
Chapter 4, we will use Pikhurko’s bound in a computer search to show that Duong’s bound holds
for clean tetrahedra when 1 ≤ k ≤ 35. In the remainder of the chapter, we use Duong’s bounds for
1 ≤ k ≤ 4, and we postpone more detailed discussion on the volume bounds for Chapter 4. (We
are primarily interested in the case when 1 ≤ k ≤ 4 here because dps tetrahedra can have at most
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four interior lattice points.) Reznick [21, p. 3] remarked that a computer search can be used to
compute k-point clean tetrahedra by combining Theorems 3.2.2 and 3.2.3 with Pikhurko’s bound.
We next give details of this approach, but we use Duong’s sharper bound instead.
Recall that by Theorem 3.2.2, the clean tetrahedra are equivalent to some Ta,b,n satisfying the
conditions in (3.3). By Duong’s bound, to find all non-empty clean tetrahedra Ta,b,n with at most
k interior points, it is sufficient to explore the triples (a, b, n) with n ≤ 12k+ 8. We note that since
0 ≤ a, b < n in (3.3), this bounds the total number of possible triples (a, b, n). Furthermore, by
Theorem 3.2.3, we can use equations (3.4) and (3.5) to compute the number of interior points in each
such tetrahedron Ta,b,n. A computer search therefore computes all k-point clean tetrahedra (k > 1)
up to unimodular transformations by finding all triples (a, b, n) satisfying (3.3) and n ≤ 12k + 8
and selecting those with exactly k lattice points using the equations (3.4) and (3.5). The algorithm
can also identify the equivalent tetrahedra using Lemma 3.2.1.
In Appendix C, we list all clean tetrahedra with k interior points, 1 ≤ k ≤ 4, computed by our
implementation of the above algorithm in Mathematica. Note that the computed clean tetrahedra
with one interior point coincide with the classification given in Theorem 3.2.5.
3.4 Clean DPS Tetrahedra
Since clean dps tetrahedra have at most four interior points, we can compute the clean dps tetra-
hedra with k interior points, 1 ≤ k ≤ 4, by selecting those clean tetrahedra computed in Appendix
C which also satisfy the dps property. To verify the dps property for each clean tetrahedron, we
compute its interior points by selecting those lattice points in the bounding box whose barycentric
coordinates with respect to the vertices are in (0, 1).
The following table contains the list of all dps tetrahedra up to unimodular transformations
with three and four interior lattice points, as computed by the algorithm in Appendix C:
Clean dps tetrahedra
4 interior lattice points T6,8,35, T4,14,39, T4,13,51
3 interior lattice points T2,6,23, T2,6,29, T2,7,33, T2,7,41
Figure 3.3: Clean dps tetrahedra with three and four interior points
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We note that three dps tetrahedra with four interior lattice points are maximal dps tetrahedra
and look at their structure more closely.
The tetrahedron T4,13,51 is equivalent to the tetrahedron P2 from Example 4 with the exact
transformation given by f(x, y, z) = (y,−x+ 3y + 1,−4x+ 12y − z + 4).
Example 6. The tetrahedron T6,8,35 has the vertices v1 = (0, 0, 0), v2 = (1, 0, 0), v3 = (0, 1, 0),
v4 = (6, 8, 35) and the interior lattice points w1 = (1, 1, 3), w2 = (2, 3, 11), w3 = (3, 4, 17), w4 =
(1, 1, 4). We note that this tetrahedron does not contain any unimodular copies of T ∗. However,
as in the case of T4,13,51, the barycentric coordinates of interior points are cyclic permutations of
each other:
w1 = 435v1 +
17
35v2 +
11
35v3 +
3
35v4,
w2 = 335v1 +
4
35v2 +
17
35v3 +
11
35v4,
w3 = 1135v1 +
3
35v2 +
4
35v3 +
17
35v4,
w4 = 1735v1 +
11
35v2 +
3
35v3 +
4
35v4.
Example 7. The tetrahedron T4,14,39 has the vertices v1 = (0, 0, 0), v2 = (1, 0, 0), v3 = (0, 1, 0),
v4 = (4, 14, 39) and the interior lattice points w1 = (1, 2, 5), w2 = (1, 3, 8), w3 = (1, 3, 7),
w4 = (2, 7, 19). The tetrahedron contains two unimodular copies of T ∗ which contain each other’s
centroid:
w1 = 13(v2 + w2 + w3),
w2 = 13(v1 + w1 + w4).
The pattern of cyclic barycentric coordinates persists for the interior points of the same combina-
torial structure. The interior points which are the centroids of the unimodular copies of T ∗ have
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barycentric coordinates:
w1 = 739v1 +
19
39v2 +
8
39v3 +
5
39v4,
w2 = 1939v1 +
7
39v2 +
5
39v3 +
8
39v4.
The interior points which are the vertices of the copies of T ∗ have barycentric coordinates:
w3 = 239v1 +
11
39v2 +
19
39v3 +
7
39v4,
w4 = 1139v1 +
2
39v2 +
7
39v3 +
19
39v4.
3.5 Maximal Non-Clean DPS Tetrahedra
We next describe a computer search for all maximal non-clean dps tetrahedra. Let T = v1v2v3v4
be a non-clean dps tetrahedron containing the lattice point v0 as the centroid of the face v1v2v3.
By Corollary 3.1.2, at least one of tetrahedra v0v1v2v4, v0v1v3v4, v0v2v3v4 is clean (see Figure
3.1). Suppose that w1w2w3w4 is a clean tetrahedron and that w1 is a centroid of the face of the
non-clean tetrahedron containing the face w1w2w3 and the vertex w4. Then, if the fourth vertex
of the non-clean tetrahedron is u, we have that 3w1 = u + w2 + w3, so the vertices of the non-
clean tetrahedron are 3w1 − w2 − w3, w2, w3, w4. If we start with a clean tetrahedron and look
to reconstruct a non-clean tetrahedron containing it, as in Figure 3.1, we have to consider twelve
possible extensions, as each vertex can become a centroid with respect to its three adjacent faces.
A clean tetrahedron can be transformed via unimodular map to Ta,b,n satisfying the conditions
of Theorem 3.2.2. A maximal non-clean dps tetrahedron contains five lattice points on its faces
and three interior points, so Ta,b,n contains 0, 1, 2 or 3 interior lattice points. We first consider the
case when a clean tetrahedron is non-empty.
Our algorithm searches for maximal non-clean dps tetrahedra by first starting with non-empty
clean dps tetrahedra with one, two, or three interior points as computed in the previous section.
We extend each such clean tetrahedron to a non-clean tetrahedron in the twelve ways described
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above, and we verify that the extended tetrahedron has five points on the faces, three points in
the interior, and that it satisfies the dps property. An implementation of this algorithm is given
in Appendix C, and the results show that, in fact, non-clean maximal dps tetrahedra cannot be
obtained by extending the non-empty clean tetrahedron.
To find all empty tetrahedra suitable for extension, we use the characterization from Theorem
3.2.4 as T1,d,n with 1 ≤ d ≤ n − 1 and gcd(d, n) = 1. The volume of T1,d,n is n/6, but finding the
upper bound on n requires special care because empty tetrahedra can have arbitrarily large volume.
However, the non-clean tetrahedron that we are constructing contains exactly three interior points,
so by Pikhurko’s bound, the maximum volume of such tetrahedron is less than 856 · 3. We note
that we cannot use the sharper Duong’s bound here because it only applies to clean tetrahedra.
When we extend the clean tetrahedron, its volume is tripled, so the volume of the initial clean
tetrahedron must satisfy 3 · n6 < 856 · 3, so n < 85. This bounds the set of possibilities for triples
(1, d, n) to take into consideration for the fourth vertex of the clean tetrahedron. The remainder
of the construction of non-clean extension is the same as for non-empty clean tetrahedron. We
present the implementation of this computer search in Appendix C.
The computer search shows that in each of these cases there are no such extensions which satisfy
the dps property, so non-clean maximal dps tetrahedra do not exist. Our computer search shows
that the only maximal dps tetrahedra are the clean tetrahedra discussed earlier.
Theorem 3.5.1 A maximal dps tetrahedron is equivalent to T6,8,35, T4,14,39, or T4,13,51.
Finally, we comment on the size of the calculations that have to be performed in this computer
search. By far, the most expensive operation for each non-clean extension is the computation of the
convex hull, especially for tetrahedra of large volume. There are 8, 17 and 4 clean dps tetrahedra
with 1,2, and 3 interior lattice point, so the number of non-clean extensions and the convex hulls that
have to be computed is 96, 204 and 48, respectively. For the extensions of empty dps tetrahedra,
which are found using the loose Pikhurko bound, even after identification using Lemma 3.2.1 and
eliminating the cases where the non-clean extensions contain collinear lattice points on the edges
(which is fast to check using gcd’s), the number of convex hulls of non-clean tetrahedra that have
to be computed is 4932. In contrast, if we do not use the existence clean tetrahedron inside
non-clean dps tetrahedron, guaranteed by Corollary 3.1.2, we would have to place the non-clean
39
tetrahedron in the position Ta,b,n with the only condition 0 ≤ a ≤ b ≤ n − 1, n > 0 and the
Pikhurko bound of n < 255. In this approach, the number of convex hulls that has to be computed
is
(
256
3
) · 12 = 33162240. The identification of tetrahedra by comparing the top vertices by Lemma
3.2.1 is not an option, as this is a quadratic operation.
3.6 Embedding 3-Point Clean DPS Tetrahedra
Choi, Lam and Reznick [6] posed a question whether every dps polytope is a subset of a maximal
dps polytope. We recall from previous section (see Figure 3.3 and Appendix C) that the four 3-
point clean dps tetrahedra up to unimodular transformations are T2,6,23, T2,6,29, T2,7,33 and T2,7,41.
We next show that the last three of these tetrahedra are not contained inside any of the maximal
dps polyhedra that we have encountered so far.
We recall from Example 3 that the polyhedra in the family P1 do not contain any interior
lattice points, and the maximal dps polyhedron Q1 in configuration 1-4-3 contains only two interior
lattice points. Therefore, these polyhedra do not contain a 3-point tetrahedron. It remains to check
whether 3-point clean dps tetrahedra can be contained inside the maximal dps tetrahedra or the
maximal dps polyhedron Q2 in configuration 2-4-2.
The tetrahedron T2,6,23 is a subset of maximal dps tetrahedron T4,13,51, as its vertex (2, 6, 23) is
an interior lattice point of T4,13,51. It can also be shown that T2,6,23 is equivalent to the tetrahedron
with lattice points p0 = (0, 0,−1), p3 = (2, 1, 0), q1 = (−1,−1, 1), q3 = (7, 4,−1) contained in the
polyhedron Q2. Therefore, T2,6,23 can be extended to two maximal dps polyhedra, T4,13,51 and Q2.
In Appendix C, we compute the volumes of all tetrahedra contained in maximal dps polyhedra
that we have constructed, and we summarize the results in Figure 3.4.
maximal dps polytope 6 · Volumes of interior tetrahedra
Q1 0, 1, 2, 3, 4, 5, 7, 9, 11, 12, 13, 15, 27
Q2 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 23, 25
T6,8,35 1, 2, 3, 4, 5, 7, 8, 11, 17, 35
T4,14,39 0, 1, 2, 3, 5, 7, 8, 9, 11, 19, 39
T4,13,51 0, 1, 3, 4, 7, 8, 9, 10, 11, 23, 51
Figure 3.4: Volumes of lattice tetrahedra contained in maximal dps polyhedra.
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We note that the volumes of tetrahedra T2,6,29, T2,7,33 and T2,7,41 do not appear in the list
of volumes of lattice tetrahedra contained in T6,8,35, T4,14,39, T4,13,51, and Q2. Since unimodular
transformations preserve volumes, we conclude that T2,6,29, T2,7,33 and T2,7,41 are not equivalent
to subsets of the maximal dps tetrahedra that we have constructed so far. We make no claim on
whether these three tetrahedra can be subsets of other undiscovered maximal dps polyhedra.
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Chapter 4
Volume Bounds for Clean k-Point
Tetrahedra
In Section 4.1, we give an overview of the main results relating the volume of lattice polytopes
to the number of their interior and boundary points in the lattice. Duong conjectured in [8]
that T2k+1,4k+3,12k+8 is a clean k-point tetrahedron with the largest volume. In Theorem 4.2.1,
we present a family of ten clean k-point tetrahedra, which includes Duong’s conjectured largest
tetrahedron T2k+1,4k+3,12k+8, and we propose a stronger conjecture that these are the ten largest
clean k-point tetrahedra when k ≥ 10. Our computations show that for 1 < k ≤ 10, there exist
clean k-point tetrahedra with volumes between those of the tetrahedra listed in Theorem 4.2.1. We
also conjecture that these are the only clean k-point tetrahedra Ta,b,n where the height n grows as
12k.
4.1 Volumes of Lattice Polytopes
For each d ≥ 3, there exist lattice simplices in Rd of arbitrarily large volume whose vertices are their
only lattice points. Reeve [17] presented a family of such empty tetrahedra T1,1,t in R3. Therefore,
the idea of Pick’s Theorem to compute the volume of a lattice polytope by only counting its
interior and boundary points in Zn does not directly generalize to higher dimensions. Borrowing
the notation from [8], let Ldn be the lattice consisting of points in Qd whose coordinates are multiples
of 1n . For a convex polytope P ⊂ Rd, let Vol(P) denote its volume, and let kn(P) and bn(P) denote
the number of points in Ldn contained in the interior and on the boundary of P, respectively. For
P ⊂ R3, Reeve [17, Theorem 1] proved the following analogue of Pick’s Theorem which uses a
second lattice strictly finer than Z3:
2(n− 1)n(n+ 1)Vol(P) = 2(kn(P)− nk1(P)) + (bn(P)− nb1(P)). (4.1)
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Furthermore, we have that bn(P)− n2b1(P) = 2(1− n2), so equation (4.1) can be restated only in
terms of k1(P), b1(P) and kn(P) on the right side. In 1963, Macdonald [14] proved a generalization
of Reeve’s result for higher dimensions, so for P ⊂ Rd we have that:
(d− 1)d! ·Vol(P) =
d−1∑
j=1
(−1)j−1
(
d− 1
j − 1
)
(bd−j(P) + 2kd−j(P)). (4.2)
The Ehrhart polynomial of polytope P ⊂ Rd is defined to be EP(n) = |{nP ∩Zd}|. Ehrhart [9]
showed in 1962 that EP(n) is a polynomial of degree d. The leading coefficient of EP(n) is Vol(P).
It can be shown either using properties of Ehrhart polynomials or directly from equation (4.1) that
if T is a clean k-point tetrahedron, then
kn(T ) = Vol(T ) · n3 − n2 + (k + 2−Vol(T )) · n− 1. (4.3)
The lattice polytopes in Rd with k interior points, when k > 0, have their volumes bounded
both below and above by functions of d and k. Bey, Henk and Wills [4] showed in 2007 that for a
lattice polytope P ⊂ Rd with k interior lattice points, we have that
Vol(P) ≥ 1d!(dk + 1). (4.4)
Duong [8] showed in 2008 that for d 6= 2, the lower bound is achieved if and only if P is a
lattice simplex whose interior lattice points are collinear with a vertex of P. He also showed that
there is only one such class of simplices up to unimodular transformations. For d = 3, the unique
tetrahedron with the smallest volume is T3k,3k,3k+1.
In view of Reeve’s construction [17] of empty tetrahedra of arbitrarily large volume, in the
remainder of the chapter, we assume that a lattice polytope P ⊂ Rd contains k ≥ 1 interior lattice
points, unless otherwise stated. Hensley [11] first proved in 1983 that the volume of P is bounded
above by the function of d and k. Hensley’s bound was improved by the result of Lagarias and
Ziegler [13]:
Vol(P) ≤ k · [7(k + 1)]d·2d+1 (4.5)
Let S be a simplex in Rd with k interior points and T a simplex in R3 (tetrahedron) with k
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interior points. Pikhurko [16] used barycentric coordinates to bound the coefficient of asymmetry
of the polytope and give a volume bound linear in k.
Vol(P) ≤ (8d)d · 15d·22d+1 · k, (4.6)
Vol(S) ≤ 23d−215(d−1)2d+1 · k/d!, (4.7)
Vol(T ) ≤ 3133!352 · k < 856 · k. (4.8)
We note that Pikhurko’s bound is the best known bound for tetrahedra to date. Duong con-
jectured a stronger upper bound on the volume of clean k-point tetrahedra:
Conjecture 4.1.1 (Duong’s Conjecture) Let T be a clean k-point tetrahedron with k > 0. Then
Vol(T ) ≤ 16(12k + 8).
Furthermore, if Vol(T ) = 16(12k + 8), then T ≈ T2k+1,4k+3,12k+8.
4.2 Family of Clean k-Point Tetrahedra with Large Volume
In Appendix D, we present an implementation of a computer search in C++ which uses the same
algorithm as in Section 3.3 to generate all clean tetrahedra Ta,b,n for n ≤ 3000. Pikhurko’s bound
for tetrahedra given in equation (4.8) implies that the program generates all k-point tetrahedra for
1 ≤ k ≤ 35. The results of the search for n ≤ 3000 show that k-point the tetrahedra in this range
have the maximum volume 16(12k + 8). This confirms Duong’s conjectured bound for k ≤ 35 and
further supports it by showing that there are no contradictions to Duong’s bound when k ≤ 200
and n ≤ 3000. In particular, this shows that using Duong’s bound was sufficient for considering
non-empty dps tetrahedra in Section 3.3 and in Mathematica code in Appendix C.
The overall computational complexity for the program given in Appendix D is in O(n4 log2 n) as
the search space for triples (a, b, n) is in O(n3), the binary Euclidean algorithm implementation of
gcd computation in (3.3) is in O(log2 n), and the computation of the number of interior points using
(3.4) and (3.5) is in O(n). It is also possible to improve the performance to O(n4) by precomputing
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the gcd values before the exhaustive search. We note that the top vertex (a, b, n) for each clean
k-point tetrahedron Ta,b,n is computed, but not displayed.
We remark that the patterns emerge for largest tetrahedra. In the following, we present the
family of tetrahedra which in our computations for clean k-point tetrahedra appear among those
with largest volume. We first state the following theorem, which we will prove later for specific
tetrahedra.
Theorem 4.2.1 Each of the following tetrahedra is clean and contains exactly k interior lattice
points:
T3,6k+1,12k+8, T2,4k+1,12k+7, T2,3,12k+5, T2,4k−1,12k+1, T2,3,12k+1,
T2,3,12k−1, T2,4k,12k−1, T2,3,12k−5, T2,4k−2,12k−7, T3,6k−7,12k−8.
Moreover, the k interior lattice points in each tetrahedron are collinear.
We note that for k = 1, the above family of tetrahedra agrees with the 1-point tetrahedra of
Theorem 3.2.5, as two pairs of tetrahedra with the last coordinates 12k + 1 and 12k − 1 coalesce.
Using Theorem 3.2.1, it is a routine calculation to show that for k > 1, the two tetrahedra with the
last coordinates 12k + 1 are not equivalent under unimodular transformation, and the same holds
for the two tetrahedra with the last coordinates 12k − 1. Therefore, the above family consists of
ten distinct tetrahedra when k > 1. Furthermore, T3,6k+1,12k+8 is equivalent to the largest clean
k-point tetrahedron T2k+1,4k+3,12k+8 conjectured by Duong. The explicit unimodular map is given
by
f(x, y, z) = (1 + 2kx− y, 3x+ 4kx− z, 8x+ 12kx− 3z). (4.1)
It is a easy to verify that f is unimodular for all k and that it maps vertices of T3,6k+1,12k+8 to
vertices of T2k+1,4k+3,12k+8.
To show that the tetrahedra in Theorem 4.2.1 indeed contain k interior points, we will use
Theorem 3.2.3.
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We define
At,1 = t(n− a) mod n, At,2 = t(n− b) mod n,
At,3 = t(n− c) mod n, At,4 = t mod n,
where At,j ∈ {0, ..., n− 1} and we redefine At to be
At =
4∑
i=1
At,i.
By Theorem 3.2.3, a clean tetrahedron Ta,b,n has exactly |{t : 1 ≤ t ≤ n− 1 and At = n}| many
interior lattice points.
The original proof that T2k+1,4k+3,12k+8 contains k interior points is a case analysis using the
above result and can be made significantly shorter by instead considering the equivalent tetrahedron
T3,6k+1,12k+8 whose the first coordinate of the top vertex does not depend on k.
Theorem 4.2.2 The tetrahedron T2,4k+1,12k+7 is clean and contains exactly k interior lattice points.
Moreover, the interior lattice points are collinear.
Proof. Let a = 2, b = 4k+ 1 and c = 1− a− b = −4k− 2. We have that gcd (2, 12k + 7) = 1 and
by the Euclidean algorithm gcd (4k + 1, 12k + 7) = 1 and gcd (−4k − 2, 12k + 7) = 1. Therefore,
gcd (a, n) = gcd (b, n) = gcd (c, n) = 1, so by Theorem 3.2.2, the tetrahedron T2,4k+1,12k+7 is clean.
We note that for the values of a, b, c as above, we have that
At,1 = −2t mod n, At,2 = −(4k + 1)t mod n,
At,3 = (4k + 2)t mod n, At,4 = t mod n.
We consider the three cases when t = 3j, t = 3j + 1 and t = 3j + 2.
Case 1 (t = 3j): Since we have that 1 ≤ t ≤ n − 1, then 1 ≤ 3j ≤ 12k + 6, and therefore,
1 ≤ j ≤ 4k + 2. At,3 = 3j(4k + 2) mod n = 12jk + 6j mod n = −j mod n = n − j. Since
At,4 = t = 3j, we have that At,3 +At,4 = n+ 2j > n, so this does not contribute to the count.
Case 2 (t = 3j+2): Since we have that 1 ≤ t ≤ n−1, then 1 ≤ 3j+2 ≤ 12k+6, and therefore, 0 ≤
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j ≤ 4k+1. If 2t ≥ n, then At,1 = 2n−2t and At,1+At,4 = (2n−2t)+ t = 2n−t > n, since t < n. If
2t < n, then 2(3j+2) < 12k+7, so j ≤ 2k. In that case, At,2 = −(3j+2)(4k+1) = −12jk−3j−8k−2
mod n = 4j − 8k − 2 mod n = 4k + 4j + 5. At,3 = (3j + 2)(4k + 2) = 12jk + 6j + 8k + 4
mod n = 8k+ 4− j. Therefore, At,2 +At,3 = 12k+ 9 + 3j > n = 12k+ 7. Neither case contributes
to the count.
Case 3 (t = 3j + 1): Since we have that 1 ≤ t ≤ n − 1, then 1 ≤ 3j + 1 ≤ 12k + 6, and therefore,
0 ≤ j ≤ 4k + 1. As in the previous case, if 2t ≥ n, we have that At,1 + At,4 > n. If 4t < n, then
4(3j + 1) < 12k + 7, that is, j ≤ k. In that case, At,2 = −(3j + 1)(4k + 1) = −12jk − 3j − 4k − 1
mod n = 4j − 4k − 1 mod n = 8k + 4j + 6. At,3 = (3j + 1)(4k + 2) = 12jk + 6j + 4k + 2
mod n = 4k+2−j. At,2+At,3 = 12k+8+3j > n, so this does not contribute to the count. Finally,
if n4 < t <
n
2 , or equivalently, k < j ≤ 2k, we have that At,1 = n−2t = 12k+7−6j−2 = 12k−6j+5,
At,2 = 4j−4k−1, At,3 = 4k+2−j, At,4 = 3j+1. Therefore, At,1+At,2+At,3+At,4 = 12k+7 = n.
This holds for every j such that k < j ≤ 2k, so this contributes exactly k many interior points.
Since the values of t for which At = n are in arithmetic progression, the interior lattice points are
collinear.
Theorem 4.2.3 A clean tetrahedron T2,3,n has exactly bn3 c − dn4 e+ 1 many interior lattice points.
Moreover, the interior lattice points are collinear.
Proof. We note that for values a = 2, b = 3 we have that
At,1 = −2t mod n, At,2 = −3t mod n,
At,3 = 4t mod n, At,4 = t mod n.
We consider the following four cases:
Case 1 (1 ≤ t < n4 ): At,1 = n − 2t, At,2 = n − 3t, At,3 = 4t, At,4 = t. We then have that At = 2n,
so this does not contribute to the count.
Case 2 (n4 ≤ t ≤ n3 ): At,1 = n− 2t, At,2 = n− 3t, At,3 = 4t−n,At,4 = t. We then have that At = n,
and this contributes exactly bn3 c − dn4 e+ 1 interior points to the count.
Case 3 (n3 < t <
n
2 ): At,1 = n − 2t, At,2 = 2n − 3t, At,3 = 4t − n,At,4 = t. We then have that
At = 2n, so this does not contribute to the count.
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Case 4 (n2 < t < n): At,1 = 2n−2t, At,4 = t. We then have that At,1+At,4 = 2n− t > n, so At > n,
so this does not contribute to the count. Since the values of t for which At = n are in arithmetic
progression, the interior lattice points are collinear.
Corollary 4.2.4 Tetrahedra T2,3,12k+5, T2,3,12k+1, T2,3,12k−1, T2,3,12k−5 have exactly k interior lat-
tice points.
Proof. We show that the corollary holds for T2,3,12k+5. It is easy to see that gcd (2, 12k + 5) =
gcd (3, 12k + 5) = gcd (−4, 12k + 5) = 1, so T2,3,12k+5 is clean. Then, by Theorem 4.2.3 the number
of interior points is
bn3 c − dn4 e+ 1 = b12k+53 c − d12k+54 e+ 1 = (4k + 1)− (3k + 2) + 1 = k.
The proof is similar for the other three tetrahedra.
4.3 Conjecture on Volume Bound for Clean Tetrahedra
Our computations show that when k > 10, the ten tetrahedra of largest volume are exactly those
in Theorem 4.2.1, so we propose the following conjecture:
Conjecture 4.3.1 When k > 10, the ten clean k-point tetrahedra with the largest volume are:
T3,6k+1,12k+8, T2,4k+1,12k+7, T2,3,12k+5, T2,4k−1,12k+1, T2,3,12k+1,
T2,3,12k−1, T2,4k,12k−1, T2,3,12k−5, T2,4k−2,12k−7, T3,6k−7,12k−8.
The computations also indicate that these are the only clean k-point tetrahedra Ta,b,n where
the height n grows as 12k and that the next largest clean k-point tetrahedron follows the following
form:
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Conjecture 4.3.2 When k > 10 and n < 12k − 8, the largest k-point clean tetrahedron is:
T5,5k+1,10k+12, when k is even,
T2,2k+1,10k+11, when k = 12l + 3 or k = 12l + 9,
T2,5,10k+9, T2,30l+5,10k+9 when k = 12l + 1,
T2,30l+15,10k+9 when k = 12l + 5,
T2,5,10k+9 when k = 12l + 7,
T2,4k,10+3, T2,30l+27,10k+3 when k = 12l + 11.
We can show that tetrahera in Conjecture 4.3.1 are clean and contain k lattice points using a
similar approach as in previous section.
4.4 Collinearity Counterexample
Duong showed that T3k,3k,3k+1 is the unique minimal volume clean k-point tetrahedron up to uni-
modular transformations by showing that such minimal volume tetrahedron must have its interior
lattice points collinear with one of the vertices. Duong also showed that in the largest conjectured
tetrahedron, T2k+1,4k+3,12k+8, interior points are collinear, although not with another vertex, and
conjectured that this tetrahedron is unique up to unimodular transformations. We confirmed using
computer search that this holds for k ≤ 35. Duong posed a question concerning whether there is a
relationship between collinearity of interior lattice points and the existence of exactly one class of
clean k-point tetrahedra having volume n6 .
We consider tetrahedra T2,4k−1,12k+1 and T2,3,12k+1, which as we remarked earlier, are not
equivalent under unimodular transformations when k > 1. We recall that by Theorem 4.2.3, the
interior points in T2,3,12k+1 are collinear. It can also be shown, either by using Theorem 3.2.3 or by
directly computing barycentric coordinates, that the interior points in T2,4k−1,12k+1 are (1, t, 3t+1),
for k ≤ t < 2k. Therefore, T2,4k−1,12k+1 and T2,3,12k+1 are two non-equivalent k-point tetrahedra
of the same volume having collinear interior points.
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Conversely, there exist clean k-point tetrahedra Ta,b,n with volume n6 , unique up to unimodular
transformations, which do not have all of their interior lattice points on the same line. An example
is T7,17,48, which is a unique 4-point tetrahedron with volume 486 = 8, but its interior points, (1, 2, 5),
(2, 4, 11), (2, 5, 13), and (3, 7, 19), are not collinear but lie in a parallelepiped.
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Chapter 5
Maximal DPS Polyhedra
In this chapter, we present partial results for maximal dps polyhedra in R3 with more than four
vertices. In Section 5.1, we state Howe’s theorem, which fully characterizes empty polyhedra in R3,
and we show its immediate consequences for maximal dps polyhedra. In Section 5.2, we show that
a dps polyhedron with five vertices is a union of two tetrahedra sharing a face such that at most
one triangle formed by its vertices has a lattice point centroid. We use this property in Section 5.3
to outline how the approach and results from Chapter 3 and the volume bounds from Chapter 4
can be used to find maximal dps polyhedra with five vertices.
5.1 Howe’s Theorem
It can be shown using Lemma 1.1.2 that empty polytopes in Rd have at most 2d vertices. The re-
markable result by Howe [22] shows that the vertices of empty polyhedra in R3 form parallelograms
in two consecutive parallel lattice planes.
Theorem 5.1.1 (Howe’s Theorem) An empty lattice polyhedron in R3 with eight vertices and no
other lattice points can, by a unimodular transformation, be brought into the form where the vertices
are given by the columns of the following matrix:

0 0 0 0 1 1 1 1
0 1 0 1 0 β β′ p
0 0 1 1 0 γ γ′ q

with p, q positive coprime integers and with nonnegative integers β, γ, β′, γ′ satisfying βq− γp = 1,
β + β′ = p, γ + γ′ = q. Moreover, an empty polyhedron with fewer than eight vertices is a subset
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of an empty polyhedron with eight vertices.
Corollary 5.1.2 A maximal dps polyhedron in R3 cannot have eight vertices. A maximal dps
polyhedron in R3 with seven vertices has one interior lattice point.
Proof. A maximal dps polyhedron with eight vertices cannot have any other interior or boundary
lattice points, so it is an empty polyhedron with eight vertices. By Howe’s Theorem, such a
polyhedron will contain two lattice parallelograms, but this is a violation of the dps property by
Lemma 1.2.1. A maximal nonclean dps polyhedron P with seven vertices has one face which is
a unimodular copy of T ∗ and no interior points. Let v be a vertex on the face of P which is a
copy of T ∗ and let S = L(P)− {v}. Then, cvx(S) is an empty polyhedron with seven vertices, so
by Howe’s Theorem, it will contain a lattice parallelogram. Since cvx(S) ⊂ P, then P contains a
lattice parallelogram, but this is prohibited by Lemma 1.2.1. Therefore, a maximal dps polyhedron
with seven vertices is clean, so it contains its only nonvertex lattice point in its interior.
5.2 DPS Polyhedra with Five Vertices
The following holds for general convex polyhedra in R3 whose vertices are not necessarily lattice
points.
Theorem 5.2.1 Suppose that P is a convex polyhedron in R3 with five vertices and triangular
faces. Then, there exists a pair of vertices of P such that the line segment connecting these two
vertices intersects the interior of the triangle formed by the three remaining vertices of P.
Proof. Suppose that P is a polyhedron in R3 with v = 5 vertices, e edges and f faces. Note
that P cannot have four coplanar vertices because the quadrilateral formed by four such vertices
would be contained in a face of P which is not a triangle. Each face in P has three edges and
each edge lies on two adjacent faces, so e = 32f . By Euler’s formula for convex polyhedra, we have
that f − e + v = 2, and therefore, the number of edges in P is e = 9. Since there are (52) = 10
line segments between vertices of P, a line segment between some two vertices of P, say v1 and
v2, is not an edge and every other pair is an edge. Since v1v2 is not an edge of P, vertices v1 and
v2 must lie on the opposite sides of the plane containing triangle v3v4v5. If the line segment v1v2
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intersects the plane containing v3v4v5 outside the triangle, the convexity of P implies that an edge
of v3v4v5 is not an edge of P. The line segment v1v2 therefore intersects the triangle v3v4v5 formed
by the other three vertices of P. We note that v1v2 cannot pass through one of the edges of v3v4v5
because then four vertices of P would form a quadrilateral as a face of P. Therefore, v1v2 passes
through the interior of v3v4v5.
The above proof shows that P is a union of two tetrahedra, v1v3v4v5 and v2v3v4v5, with the line
segment v1v2 intersecting the common face v3v4v5 of two tetrahedra in its interior. Such polyhedron
P is called a bipyramid. Since the dps polyhedra have triangles as their faces, dps polyhedra with
five vertices are bipyramids. We use Corollary 3.1.5 to restrict the structure of a five vertex dps
polyhedron.
Corollary 5.2.2 Let P be dps polyhedron with five vertices. Then at most one triangle formed by
the vertices of P can have a lattice point as its centroid.
Proof. By Theorem 5.2.1, a five vertex dps polyhedron P is a bipyramid, so two triangles formed
by the vertices of P share either one vertex or one edge. By Corollary 3.1.5, only one such triangle
can have a lattice point centroid.
5.3 Computer Search for Maximal DPS Polyhedra with Five
Vertices
In this section, we discuss how can use Corollary 5.2.2 to search for maximal dps polyhedra with
five vertices. Let P be a maximal dps polyhedron with five vertices. By Theorem 5.2.1, there
exist two tetrahedra v1v3v4v5 and v2v3v4v5 formed by the vertices of P so that v1v2 intersects the
interior of v3v4v5. By Corollary 5.2.2, either no triangle formed by the vertices of P has a lattice
point centroid, the triangle v3v4v5 has a lattice points centroid, or one of the faces of P has a
lattice point centroid. The number of interior lattice points in the maximal dps P in each case is
3, 3, and 2, respectively, so the volume of P is bounded by Pikhurko’s bound for polyhedra given
in equation (4.6).
Suppose that no triangles formed by the vertices of P have a lattice point centroid. The
tetrahedra v1v3v4v5 and v2v3v4v5 are then both clean and contain either 3 and 0 or 2 and 1 interior
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points. By symmetry, it is sufficient to consider the cases when v1v3v4v5 contains two or three
interior lattice points. Suppose that v1v3v4v5 contains three interior points; the case when it
contains two interior points is similar and will be briefly discussed later. In Chapter 3, we used
a computer search to find all clean dps tetrahedra with three interior points up to unimodular
transformations, so v1v2v3v4 is equivalent to one of the 3-point clean dps tetrahedra of the form
Ta,b,n (see Appendix C). Since v1v2 intersects the interior of v3v4v5, the vertex v2 must lie within the
cone C whose vertex is v1 and the sides are extensions of faces v1v3v4, v1v3v5 and v1v4v5 through
the edges v3v4, v3v5 and v4v5, respectively.
The volume of the tetrahedron v2v3v4v5 is bounded by the Pikhurko’s bound for P, so the
distance from the vertex v2 to the plane containing the triangle v3v4v5 is also bounded by some
rational h computed using Pikhurko’s volume bound and the area of triangle v3v4v5. Suppose that
H is the plane at distance h from v3v4v5 on the opposite side of v1, and let w3, w4 and w5 be
the intersections of H and the lines containing v1v3, v1v4 and v1v5, respectively. We note that
w3, w4 and w5 are rational but not necessarily in Z3. Then v2 lies in the truncated tetrahedron
v3v4v5w3w4w5, and each lattice point inside v3v4v5w3w4w5 is a candidate for v2. Then, v1v2v3v4v5
is a maximal dps bipyramid if and only if tetrahedron v2v3v4v5 contains no lattice points other
than its vertices and the lattice points in bipyramid v1v2v3v4v5 satisfy the dps property.
We note that the computation of all lattice points in truncated rational tetrahedron v3v4v5w3w4w5
can be reduced to computing lattice points in the rational tetrahedron v1w3w4w5. In either case,
this computation is very expensive, especially because the volume of tetrahedron v2v3v4v5 is only
bounded by the loose Pikhurko bound for polyhedra. Furthermore, for each such lattice point
candidate v2, we check that there are no lattice points inside tetrahedron v2v3v4v5, which is the
similar type of computation. We also note that the search space for v2 consists of the truncated
tetrahedron extensions through all four faces of clean tetrahedron Ta,b,n as each vertex of Ta,b,n is
a candidate for v1. The case when v1v3v4v5 contains two lattice points is similar, except instead,
we need to verify that tetrahedron v2v3v4v5 contains exactly one interior lattice point for every
vertex v2 in the extension cone. We point out that in this case we do not use Pikhurko’s bound
for the volume of v1v3v4v5, but we instead only consider the volumes of clean 1-point tetrahedra
computed in Appendix C.
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If one of the faces of P contains a lattice point centroid, then since no other triangle formed by
the vertices of P contains a lattice point centroid, either tetrahedron v1v3v4v5 or v2v3v4v5 is clean.
If v1v3v4v5 is clean and contains one or two interior points, then it is equivalent to one of tetrahedra
Ta,b,n computed in Appendix C. If v1v3v4v5 is empty, then it is equivalent to a tetrahedron of the
form T1,d,n, but n is bounded using Pikhurko’s bound for P containing two interior lattice points.
Then, as in the previous case, the computer search can look for v2 in the extension cone which is
truncated using Pikhurko’s bound, and it remains to check that v2v3v4v5 contains zero, one or two
interior point and exactly one boundary point and that lattice points in v1v2v3v4v5 satisfy the dps
property.
The last case is when the shared triangle v3v4v5 is a unimodular copy of T ∗. In this case,
both tetrahedra v1v3v4v5 and v2v3v4v5 are non-clean, but by Corollary 3.1.2, they contain clean
tetrahedra. The general method for computer search is similar to the previous two cases with
the modification that we first extend clean tetrahedron to non-clean tetrahedron, but we need to
consider the cone extension only through the non-clean face. We leave the implementation of the
above approach for a future research project.
Finally, we note that we are using Corollary 5.2.2 to show two facts which enable the above
approach for computer search. We use Corollary 5.2.2 to show that a five point maximal dps
bipyramid contains interior lattice points, and we can therefore use Pikhurko’s bound to reduce
the search space for the fifth vertex in the bipyramid to a finite set of lattice points. Where
appropriate, we can instead use Duong’s volume bound for clean non-empty tetrahedra. We also
use Corollary 5.2.2 to show that a dps polyhedron must contain clean tetrahedra, and we use this
to place the clean tetrahedron in position Ta,b,n and then add the remaining vertices in the maximal
dps bipyramid with respect to that clean tetrahedron.
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Chapter 6
Directions for Future Research
We discuss the open questions related to our research topics.
In Section 1.2, we outlined the construction by Choi, Lam and Reznick [6] of maximal dps
polytopes in Rd whose lattice points lie in two consecutive lattice hyperplanes. These are the
only known maximal dps polytopes for d > 3. The natural question is whether there are other
constructions of maximal dps polytopes in Rd.
In Example 3, we presented the family P1 of dps polyhedra which have two unimodular copies
of T ∗ in two consecutive parallel lattice planes. Let P be a maximal dps polyhedron containing
two unimodular copies of T ∗ which do not have lattice points in common. Howe’s Theorem implies
that every set of six lattice points of P with three lattice points in each copy of T ∗ lies in two
consecutive parallel planes. Our question is whether it is also true that all lattice points of P must
lie in two consecutive planes so that P is equivalent to a polyhedron in the family P1.
We proved several results on the structure of dps polyhedra in R3 in Corollaries 2.1.6, 3.1.5 and
5.2.2. Furthermore, in all of our examples of maximal dps polyhedra, the nonequivalent polyhedra
have distinct arrangements of copies of T ∗. It is not clear how we could use these properties
to construct maximal dps polyhedra and prove the results about their equivalence without using
computer searching. In particular, we would also like to know the precise relationship between
the cyclic symmetry of barycentric coordinates of interior lattice points in the tetrahedra T6,8,35,
T4,14,39, T4,13,51 and the configurations of unimodular copies of T ∗ that these points lie in.
Choi, Lam and Reznick [6] posed a question concerning whether every dps polytope is a subset
of a maximal dps polytope. We showed in Section 3.6 that T2,6,29, T2,7,33 and T2,7,41 are dps
tetrahedra with seven lattice points which are not subsets of any of the maximal dps polyhedra
that we have found, but we make no conjecture on whether they could be embedded in other
undiscovered maximal dps polyhedra.
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Finally, we showed that T6,8,35, T4,14,39, and T4,13,51 are the only maximal dps tetrahedra up
to unimodular transformations and that Q1 and Q2 are the only maximal dps polyhedra with
lattice width 2. We also showed that Howe’s Theorem implies that there are no maximal dps
polyhedra with eight vertices and non-clean maximal dps polyhedra with seven vertices. However,
the question on classifying maximal dps polyhedra with five, six and seven vertices up to unimodular
transformations remains open.
We recall that Pikhurko’s result [16] is the best known bound for the volume of k-point tetra-
hedra is Vol(T ) < 856 · k and that the conjectured bound for clean k-point tetrahedra by Duong [8]
is Vol(T ) ≤ 16(12k + 8). In view of equation (4.3), if L is a lattice strictly finer than Z3 and k is
fixed, the volume of a clean tetrahedron T depends only on the number of lattice points in L in
the interior of T . However, it is not clear how to obtain a good bound for the number of interior
points of T in L as a function of k.
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Appendix A
Computer Search for Maximal DPS
Polyhedra with Configuration 1-4-3
We first calculate the admissible points ri in region R whose corresponding qi in the z = 1 plane do not have two first
coordinates even, as the point (0,0,-1) is in the initial configuration:
T@8x_, y_<D = ! HHx ³ 2 && y ³ 2L ÈÈ Hx ³ 3 && Hy £ 1  3 x && y ³ 5  2 - 1  2 xLL ÈÈ Hy £ x - 1 && y £ 0L ÈÈHy ³ 3 x && y ³ 5 - 2 xL ÈÈ HHy ³ x + 1L && Hx <= 0LL ÈÈ Hy ³ 3  2 x + 1  2 && y £ 2  3 x - 1  3LL;
P = Select@Flatten@Table@8x, y<, 8x, -5, 6, 1  2<, 8y, -5, 6, 1  2<D, 1D, T@ðD &D;
P1 = Select@2 P, ! Apply@And, EvenQ@ðDD &D  2;
We next show the plot of such admissible points ri in z = 0:
G1 = RegionPlot@Hx ³ 2 && y ³ 2L ÈÈ Hx ³ 3 && Hy £ 1  3 x && y ³ 5  2 - 1  2 xLL ÈÈ Hy £ x - 1 && y £ 0L ÈÈHy ³ 3 x && y ³ 5 - 2 xL ÈÈ HHy ³ x + 1L && Hx <= 0LL ÈÈ Hy ³ 3  2 x + 1  2 && y £ 2  3 x - 1  3L,8x, -6, 6<, 8y, -6, 6<, Axes ® True, PlotPoints ® 50D;
G2 = Graphics@8Red, Point@P1D<D;
Show@G1, G2D
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We compute qi from ri and select the triplets 8q1, q2, q3< which form  triangles with area 1/2, so that these are the only
lattice points in the triangle: 
P2 = Map@Append@ð, 1D &, P1D;
P3 = Map@ð - 80, 0, 1< &, 2 Select@Subsets@P2, 83<D, Abs@Det@ðDD  1  4 &D, 82<D;
We add such triplets to the initial configuration and select those sets satisfying the DPS criteria :
InitialConfiguration = 880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<<;
DPS@l_ListD :=
Length@Union@Map@ð@@1DD + ð@@2DD &, Tuples@l, 2DDDD  Binomial@Length@lD, 2D + Length@lD;
P4 = Select@Map@Join@InitialConfiguration, ðD &, P3D, DPS@ðD &D;
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We make identifications with respect to unimodular transformations which permute the lattice points in  z = 0 and fix
the point (0,0,-1):
f1@8x_, y_, z_<D := 8x, y, z<;
f2@8x_, y_, z_<D := 8y, x, z<;
f3@8x_, y_, z_<D := 81 - x + y + z, 2 - x + 2 z, z<;
f4@8x_, y_, z_<D := 81 - y + x + z, 2 - y + 2 z, z<;
f5@8x_, y_, z_<D := 82 - x + 2 z, 1 - x + y + z, z<;
f6@8x_, y_, z_<D := 82 - y + 2 z, 1 - y + x + z, z<;
P5 = Transpose@Tally@P4, Union@Map@f1, ð1DD  Union@ð2D ÈÈ Union@Map@f2, ð1DD  Union@ð2D ÈÈ
Union@Map@f3, ð1DD  Union@ð2D ÈÈ Union@Map@f4, ð1DD  Union@ð2D ÈÈ
Union@Map@f5, ð1DD  Union@ð2D ÈÈ Union@Map@f6, ð1DD  Union@ð2D &DD@@1DD;
We next look at the intersections of each remaining polyhedra with the plane z = 0. 
The two triangles are the points in the initial configuration in z = 0 plane and the points ri.
We see that only in the last case the convex hull does not include new lattice points which are not in the initial triangle.
Map@Graphics@8Blue, Polygon@880, 0<, 81, 2<, 82, 1<<D, Red,
Polygon@ðD, Black, Point@Flatten@Table@8x, y<, 8x, -5, 5<, 8y, -5, 5<D, 1DD<,
Axes ® True, PlotRange ® 88-3, 3<, 8-3, 3<<D &,
Map@Take@ð, 2D &, Map@Take@ð, -3D &, P5, 81<D  2, 82<DD
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The corresponding polyhedron is the unique maximal dps polyhedron in configuration 1-4-3 polytope:
Map@f6, P5@@4DDD
882, 1, 0<, 81, 2, 0<, 80, 0, 0<, 81, 1, 0<, 80, 0, -1<, 85, 1, 1<, 84, 3, 1<, 83, 6, 1<<
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Appendix B
Computer Search for Maximal DPS
Polyhedra with Configuration 2-4-2
We first calculate the admissible points ri in region R whose corresponding qi in the z = 1 plane do not have two first
coordinates even, as the point (0,0,-1) is in the initial configuration. This calculation is the same as in the case of
configuration 1-4-3, see the corresponding plot in Appendix A.
T@8x_, y_<D := ! HHx ³ 2 && y ³ 2L ÈÈ Hx ³ 3 && Hy £ 1  3 x && y ³ 5  2 - 1  2 xLL ÈÈHy £ x - 1 && y £ 0L ÈÈ Hy ³ 3 x && y ³ 5 - 2 xL ÈÈ HHy ³ x + 1L && Hx <= 0LL ÈÈHy ³ 3  2 x + 1  2 && y £ 2  3 x - 1  3LL && H! HEvenQ@2 xD && EvenQ@2 yDLL;
P = Select@Flatten@Table@8x, y<, 8x, -5, 6, 1  2<, 8y, -5, 6, 1  2<D, 1D, T@ðD &D;
We select the pairs of points Hq1, q2L in the z = 1 plane satisfying the gcd property so that they do not introduce lattice
points on the interior of line segment q1 q2:
P1 = Map@Append@ð, 1D &, Select@Subsets@2 P, 82<D, Apply@GCD, ð@@1DD - ð@@2DDD  1 &D, 82<D;
For each pair  Hq1, q2L we form triples by adding points q3  which lie in the intersection of the  z = -1 and the lines
passing through admissible points and each of q1 and q2. We select to only add points q3 which have different parity in
the first two coordinates from (0,0,-1),  q1 and q2 and satisfy gcd(q3 - (0,0,-1)) = 1.
P0 = Map@Append@ð, 0D &, P, 81<D;
P3 = Flatten@
Map@Hcurr = ð; Map@Append@curr, ðD &, Select@Intersection@Map@H2 ðL - curr@@1DD &, P0D,
Map@H2 ðL - curr@@2DD &, P0DD, GCD@ð@@1DD, ð@@2DDD  1 &&
OddQ@ðD ¹ OddQ@curr@@1DDD && OddQ@ðD ¹ OddQ@curr@@2DDD &DDL &, P1D, 1D;
We add all such triplets  8q1, q2, q3< to the initial configuration and select the sets satisfying the dps property :
InitialConfiguration = 880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<<;
DPS@l_ListD :=
Length@Union@Map@ð@@1DD + ð@@2DD &, Tuples@l, 2DDDD  Binomial@Length@lD, 2D + Length@lD;
P4 = Select@Map@Join@InitialConfiguration, ðD &, P3D, DPS@ðD &D;
We make identifications with respect to unimodular transformations permuting the points in z = 0 and fixing (0,0,-1):
f1@8x_, y_, z_<D := 8x, y, z<;
f2@8x_, y_, z_<D := 8y, x, z<;
f3@8x_, y_, z_<D := 81 - x + y + z, 2 - x + 2 z, z<;
f4@8x_, y_, z_<D := 81 - y + x + z, 2 - y + 2 z, z<;
f5@8x_, y_, z_<D := 82 - x + 2 z, 1 - x + y + z, z<;
f6@8x_, y_, z_<D := 82 - y + 2 z, 1 - y + x + z, z<;
ANS =
Transpose@Tally@P4, Union@Map@f1, ð1DD  Union@ð2D ÈÈ Union@Map@f2, ð1DD  Union@ð2D ÈÈ
Union@Map@f3, ð1DD  Union@ð2D ÈÈ Union@Map@f4, ð1DD  Union@ð2D ÈÈ
Union@Map@f5, ð1DD  Union@ð2D ÈÈ Union@Map@f6, ð1DD  Union@ð2D &DD@@1DD;
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We next look at the intersections of each remaining polyhedra with the plane z = 0. 
The triangles are the points in the initial configuration in z = 0  plane and the quadrilaterals are formed by midpoints ri
of lattice points lying in  z = -1 and  z = 1.
The third, sixth, ninth, and eleventh cases below satisfy the last condition that the convex hull of the polyhedron and
the plane z = 0 does not contain lattice points other than those in inital configuration.
Map@Graphics@8Blue, Polygon@880, 0<, 81, 2<, 82, 1<<D, Red,
Polygon@ðD, Black, Point@Flatten@Table@8x, y<, 8x, -5, 5<, 8y, -5, 5<D, 1DD<,
Axes ® True, PlotRange ® 88-3, 3<, 8-3, 3<<, ImageSize ® 88150, 150<<D &,
Map@Take@ð, 2D &, Map@8Hð@@1DD + ð@@2DDL  2, Hð@@1DD + ð@@3DDL  2,
Hð@@2DD + ð@@4DDL  2, Hð@@3DD + ð@@4DDL  2< &, Map@Take@ð, -4D &, ANSDD, 82<DD
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Here are the lattice points inside these four polyhedra:
ANS1 = Part@ANS, 83, 6, 9, 11<D
8880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<, 8-4, -3, 1<, 8-1, -1, 1<, 87, 4, -1<<,
880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<, 8-4, -3, 1<, 83, 1, 1<, 83, 2, -1<<,
880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<, 8-2, -1, 1<, 81, 0, 1<, 87, 3, -1<<,
880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<, 8-2, -1, 1<, 85, 2, 1<, 83, 1, -1<<<
The above polyhedra are equivalent. We give the unimodular transformations explicitly and verify that they indeed
map the first polyhedron to the other three.
g1@8x_, y_, z_<D := 8x + 4 z, y + 3 z, -z<;
g2@8x_, y_, z_<D := 8x + 2 z, y + z, -z<;
g3@8x_, y_, z_<D := 8-x - 5 z + 2, -x + y - 2 z + 1, z<;
Sort@Map@g1, ANS1@@1DDDD  Sort@ANS1@@2DDD
Sort@Map@g3, ANS1@@1DDDD == Sort@ANS1@@3DDD
Sort@Map@g2@g3@ðDD &, ANS1@@1DDDD  Sort@ANS1@@4DDD
True
True
True
Therefore, the unique maximal dps polyhedron in configuration 2-4-2 is:
ANS1@@1DD
880, 0, 0<, 82, 1, 0<, 81, 2, 0<, 81, 1, 0<, 80, 0, -1<, 8-4, -3, 1<, 8-1, -1, 1<, 87, 4, -1<<
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Appendix C
Computer Search for Maximal DPS
Tetrahedra
     Clean tetrahedra
The following function checks if the tetrahedron THa,b,nL is a clean tetrahedron in the standard form of Equation (3.3).
Clean@8a_, b_, n_<D := HGCD@a, nD  1L && HGCD@b, nD  1L && HGCD@1 - a - b, nD  1L;
The following function counts the number of interior points in the clean tetrahedron THa,b,nL using Equations (3.4) and
(3.5).
Interior@8a_, b_, n_<D := Module@8temp, c<,
c = 1 - a - b;
temp = 0;
For@t = 1, t < n, t++,
If@FractionalPart@t * Hn - cL  nD + FractionalPart@t * Hn - bL  nD +
FractionalPart@t * Hn - aL  nD + FractionalPart@t  nD  1, temp++DD;
tempD;
The following function determines whether two tetrahedra in the standard form are equivalent using the conditions in
(3.2).
Equi@8a_, b_, n_<, 8d_, e_, n1_<D := Module@8c, temp, cmp1<,
temp = False;
c = 1 - a - b;
If@n  n1,
cmp1 = Mod@8a, b, c<, nD;
If@MemberQ@cmp1, Mod@d, nDD && MemberQ@cmp1, Mod@e, nDD, temp = True;D;
cmp1 = Mod@8PowerMod@a, -1, nD, -b PowerMod@a, -1, nD, -c PowerMod@a, -1, nD<, nD;
If@MemberQ@cmp1, Mod@d, nDD && MemberQ@cmp1, Mod@e, nDD, temp = True;D;
cmp1 = Mod@8PowerMod@b, -1, nD, -a PowerMod@b, -1, nD, -c PowerMod@b, -1, nD<, nD;
If@MemberQ@cmp1, Mod@d, nDD && MemberQ@cmp1, Mod@e, nDD, temp = True;D;
cmp1 = Mod@8PowerMod@c, -1, nD, -a PowerMod@c, -1, nD, -b PowerMod@c, -1, nD<, nD;
If@MemberQ@cmp1, Mod@d, nDD && MemberQ@cmp1, Mod@e, nDD, temp = True;D;
D;
tempD;
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We compute the possible top vertices of clean THa,b,nL  using Duong’s bound and select only the clean tetrahedra with
the number of interior vertices between 1 and 4:
k = 4;
fourthpoint = Flatten@Table@8a, b, n<, 8n, 0, 12 k + 8<, 8a, 1, n<, 8b, 1, n<D, 2D;
cleanfourthpt = Select@fourthpoint, CleanD;
s = Select@cleanfourthpt, Interior@ðD ³ 1 && Interior@ðD £ 4 &D;
These are top vertices of clean tetrahedra with 1 interior point, identified using the condition (3.2):
s1 = Select@s, Interior@ðD  1 &D;
s1 = Map@ð@@1DD &, Tally@s1, EquiDD
883, 3, 4<, 82, 2, 5<, 82, 2, 7<, 82, 3, 11<, 82, 3, 13<, 82, 3, 17<, 82, 5, 19<, 83, 7, 20<<
These are top vertices of clean tetrahedra with 2 interior points, identified using the condition (3.2):
s2 = Select@s, Interior@ðD  2 &D;
s2 = Map@ð@@1DD &, Tally@s2, EquiDD
883, 6, 7<, 83, 3, 8<, 85, 5, 8<, 82, 4, 9<, 82, 2, 11<, 82, 5, 11<, 82, 2, 13<, 82, 4, 13<,
83, 5, 16<, 82, 5, 17<, 82, 6, 17<, 82, 3, 19<, 82, 7, 19<, 82, 3, 23<, 82, 8, 23<, 83, 5, 23<,
85, 7, 24<, 82, 3, 25<, 82, 7, 25<, 82, 7, 27<, 82, 3, 29<, 82, 9, 31<, 83, 13, 32<<
These are top vertices of clean tetrahedra with 3 interior points, identified using the condition (3.2):
s3 = Select@s, Interior@ðD  3 &D;
s3 = Map@ð@@1DD &, Tally@s3, EquiDD
883, 9, 10<, 83, 10, 11<, 85, 8, 11<, 87, 7, 12<, 82, 6, 13<, 83, 3, 13<, 84, 6, 13<, 83, 3, 14<,
82, 7, 15<, 83, 3, 16<, 82, 2, 17<, 82, 4, 17<, 83, 3, 17<, 83, 5, 17<, 82, 2, 19<, 82, 4, 19<,
82, 6, 19<, 83, 5, 19<, 82, 4, 21<, 83, 5, 22<, 82, 4, 23<, 82, 5, 23<, 82, 6, 23<,
82, 7, 23<, 82, 9, 23<, 83, 7, 23<, 83, 7, 26<, 83, 11, 28<, 82, 5, 29<, 82, 6, 29<,
82, 10, 29<, 82, 11, 29<, 83, 5, 29<, 83, 7, 29<, 82, 3, 31<, 82, 5, 31<, 82, 13, 31<,
83, 7, 31<, 83, 11, 31<, 82, 7, 33<, 83, 13, 34<, 82, 3, 35<, 82, 12, 35<, 82, 3, 37<,
82, 5, 37<, 82, 11, 37<, 83, 7, 38<, 82, 3, 41<, 82, 7, 41<, 82, 13, 43<, 83, 19, 44<<
These are top vertices of clean tetrahedra with 4 interior points, identified using the condition (3.2):
s4 = Select@s, Interior@ðD  4 &D;
s4 = Map@ð@@1DD &, Tally@s4, EquiDD
883, 12, 13<, 83, 13, 14<, 87, 11, 15<, 85, 5, 16<, 89, 9, 16<, 82, 8, 17<, 84, 7, 17<,
85, 8, 17<, 85, 7, 18<, 82, 9, 19<, 83, 3, 19<, 83, 6, 19<, 84, 12, 19<, 811, 13, 20<,
84, 8, 21<, 83, 3, 22<, 82, 2, 23<, 83, 6, 23<, 813, 17, 24<, 82, 2, 25<, 82, 6, 25<,
82, 8, 25<, 83, 6, 25<, 83, 9, 25<, 84, 6, 25<, 83, 5, 26<, 82, 4, 27<, 82, 10, 27<,
84, 7, 27<, 85, 9, 28<, 82, 7, 29<, 82, 8, 29<, 82, 9, 29<, 82, 12, 29<, 83, 6, 29<,
83, 11, 29<, 84, 6, 29<, 87, 11, 30<, 82, 4, 31<, 82, 7, 31<, 82, 8, 31<, 82, 11, 31<,
82, 12, 31<, 83, 10, 31<, 83, 5, 32<, 83, 7, 32<, 87, 9, 32<, 82, 13, 33<, 84, 7, 33<,
83, 7, 34<, 83, 9, 35<, 86, 8, 35<, 85, 13, 36<, 82, 7, 37<, 82, 8, 37<, 82, 15, 37<,
82, 16, 37<, 83, 7, 37<, 83, 13, 37<, 82, 10, 39<, 84, 14, 39<, 83, 7, 40<, 83, 17, 40<,
89, 11, 40<, 82, 9, 41<, 82, 11, 41<, 82, 14, 41<, 83, 7, 41<, 82, 3, 43<, 82, 5, 43<,
82, 11, 43<, 83, 10, 43<, 85, 17, 44<, 82, 13, 45<, 82, 3, 47<, 82, 16, 47<,
82, 19, 47<, 83, 7, 47<, 83, 13, 47<, 87, 17, 48<, 82, 3, 49<, 82, 5, 49<, 82, 11, 49<,
82, 15, 49<, 83, 10, 49<, 84, 13, 51<, 85, 21, 52<, 82, 3, 53<, 82, 17, 55<, 83, 25, 56<<
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     Clean dps tetrahedra
The following function computes the boundary and interior points of a general lattice tetrahedron using the bounded
box and by selecting the tetrahedra whose barycentric coordinates with respect to the vertices of the tetrahedron are in
(0,1).
InteriorPoints3@8p1_, p2_, p3_, p4_<D :=
Module@8l1, l2, l3, l4, u1, u2, u3, u4, pt, i, j, k, l, coeffs, x1, x2, x3, x4, c1, c2<,
8l1, l2, l3< = Floor@Map@Min, Transpose@8p1, p2, p3, p4<DDD;
8u1, u2, u3< = Ceiling@Map@Max, Transpose@8p1, p2, p3, p4<DDD;
pt = Table@8i, j, k<, 8i, l1, u1<, 8j, l2, u2<, 8k, l3, u3<D;
pt = Flatten@pt, 2D;
coeffs =
Map@H8x1, x2, x3, x4< . HSolve@8x1 p1 + x2 p2 + x3 p3 + x4 p4  ð, x1 + x2 + x3 + x4  1<,
8x1, x2, x3, x4<D@@1DDLL &, ptD;
c1 = Select@coeffs, HHð@@1DD ³ 0L && Hð@@2DD ³ 0L && Hð@@3DD ³ 0L && Hð@@4DD ³ 0LL &D;
c2 = Select@coeffs, HHð@@1DD > 0L && Hð@@2DD > 0L && Hð@@3DD > 0L && Hð@@4DD > 0LL &D;
c1 = Complement@c1, c2D;
8Map@p1 ð@@1DD + p2 ð@@2DD + p3 ð@@3DD + p4 ð@@4DD &, c1D,
Map@p1 ð@@1DD + p2 ð@@2DD + p3 ð@@3DD + p4 ð@@4DD &, c2D<
D
The following function determines whether a set of lattice points satisfies the dps condition.
We note that the function does not take into account other potential lattice points in the convex hull. 
DPS@l_ListD :=
Length@Union@Map@ð@@1DD + ð@@2DD &, Tuples@l, 2DDDD  Binomial@Length@lD, 2D + Length@lD;
We take the clean tetrahedra with 1,2,3,4 interior points and select those which satisfy the dps property.
Clean dps tetrahedra with 1 interior point:
c1 = Select@s1, DPS@Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð<DDD &D
883, 3, 4<, 82, 2, 5<, 82, 2, 7<, 82, 3, 11<, 82, 3, 13<, 82, 3, 17<, 82, 5, 19<, 83, 7, 20<<
Clean dps tetrahedra with 2 interior points:
c2 = Select@s2, DPS@Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð<DDD &D
885, 5, 8<, 82, 2, 11<, 82, 2, 13<, 83, 5, 16<, 82, 6, 17<,
82, 3, 19<, 82, 7, 19<, 82, 3, 23<, 82, 8, 23<, 83, 5, 23<, 85, 7, 24<,
82, 3, 25<, 82, 7, 25<, 82, 7, 27<, 82, 3, 29<, 82, 9, 31<, 83, 13, 32<<
Clean dps tetrahedra with 4 interior points:
c3 = Select@s3, DPS@Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð<DDD &D
882, 6, 23<, 82, 6, 29<, 82, 7, 33<, 82, 7, 41<<
Clean dps tetrahedra with 4 interior points are maximal dps tetrahedra:
c4 = Select@s4, DPS@Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð<DDD &D
886, 8, 35<, 84, 14, 39<, 84, 13, 51<<
     Non-clean maximal dps tetrahedra
The following function computes 12 possible extensions of a tetrahedron, by considering extension through each of
four vertices with respect to three adjacent faces.
ComputeExtensions@8v1_, v2_, v3_, v4_<D :=
Union@Map@Sort, Map@83 ð@@1DD - ð@@2DD - ð@@3DD, ð@@2DD, ð@@3DD, ð@@4DD< &,
Permutations@8v1, v2, v3, v4<DDDD
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 Extensions of clean tetrahedron with 1 interior lattice point
We first consider the extensions of 3-point clean tetrahedra to non-clean tetrahedra.
e3 =
Select@Flatten@Map@ComputeExtensions, Map@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð< &, c3DD, 1D,
Length@Union@InteriorPoints3@ðD@@1DDDD  5 &&
Length@Union@InteriorPoints3@ðD@@2DDDD  3 &D
8<
Map@DPS@Apply@Union, InteriorPoints3@ðDDD &, e3D
8<
The result shows that there are no such non-clean extensions with five lattice points on the boundary and three on the
interior.
 Extensions of clean tetrahedron with 2 interior lattice points
We consider the extensions of 2-point clean tetrahedra to non-clean tetrahedra.
e2 =
Select@Flatten@Map@ComputeExtensions, Map@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð< &, c2DD, 1D,
Length@Union@InteriorPoints3@ðD@@1DDDD  5 &&
Length@Union@InteriorPoints3@ðD@@2DDDD  3 &D
888-3, -2, -11<, 80, 1, 0<, 81, 0, 0<, 82, 2, 11<<,
88-2, -3, -11<, 80, 1, 0<, 81, 0, 0<, 82, 2, 11<<,
880, 0, 0<, 80, 1, 0<, 81, 0, 0<, 85, 6, 33<<, 880, 0, 0<, 80, 1, 0<, 81, 0, 0<, 86, 5, 33<<<
Map@DPS@Apply@Union, InteriorPoints3@ðDDD &, e2D
8False, False, False, False<
The result shows that there are four non-clean extensions with five lattice points on the boundary and three on the
interior, but none of them satisfy the dps property.
 Extensions of clean tetrahedron with 1 interior lattice point
We consider the extensions of 1-point clean tetrahedra to non-clean tetrahedra.
e1 =
Select@Flatten@Map@ComputeExtensions, Map@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð< &, c1DD, 1D,
Length@Union@InteriorPoints3@ðD@@1DDDD  5 &&
Length@Union@InteriorPoints3@ðD@@2DDDD  3 &D
888-1, -1, 0<, 80, 1, 0<, 81, 0, 0<, 82, 2, 5<<, 88-1, 3, 0<, 80, 0, 0<, 81, 0, 0<, 82, 2, 5<<,
880, 0, 0<, 80, 1, 0<, 82, 2, 5<, 83, -1, 0<<, 88-3, -3, -11<, 80, 1, 0<, 81, 0, 0<, 82, 3, 11<<,
880, 0, 0<, 80, 1, 0<, 81, -3, -11<, 82, 3, 11<<<
Map@DPS@Apply@Union, InteriorPoints3@ðDDD &, e1D
8False, False, False, False, False<
The result shows that there are five non-clean extensions with five lattice points on the boundary and three on the
interior, but none of them satisfy the dps property.
 Extensions of clean empty tetrahedra
We consider the extensions of empty clean tetrahedra to non-clean tetrahedra.
Pikhurko' s bound is  n <= 85 and clean and empty tetrahedra have the top vertex of the form (1, d, n) satisfying the
conditions of Theorem 3.2.4.
Before the extensions to non-clean tetrahedra, we identify the clean empty tetrahedra using the conditions in (3.2).
We then extend clean empty tetrahedra to non-empty tetrahedra and discard those non-empty tetrahedra which have
lattice points in the interior of their edges.
We note that this code takes a very long time to execute (between 5 and 10 hours), as it considers the convex hulls of
4932 non-clean tetrahedra.
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We consider the extensions of empty clean tetrahedra to non-clean tetrahedra.
Pikhurko' s bound is  n <= 85 and clean and empty tetrahedra have the top vertex of the form (1, d, n) satisfying the
conditions of Theorem 3.2.4.
Before the extensions to non-clean tetrahedra, we identify the clean empty tetrahedra using the conditions in (3.2).
We then extend clean empty tetrahedra to non-empty tetrahedra and discard those non-empty tetrahedra which have
lattice points in the interior of their edges.
We note that this code takes a very long time to execute (between 5 and 10 hours), as it considers the convex hulls of
4932 non-clean tetrahedra.
t = Select@Flatten@Table@81, d, n<, 8n, 2, 85<, 8d, 1, n - 1<D, 1D, GCD@ð@@2DD, ð@@3DDD  1 &D;
t0 = Transpose@Tally@t, EquiDD@@1DD;
t1 = Map@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, ð< &, t0D;
t2 = Flatten@Map@ComputeExtensions, t1D, 1D;
t3 = Select@t2, Apply@And, Map@Apply@GCD, ð@@1DD - ð@@2DDD  1 &, Subsets@ð, 82<DDD &D;
Dynamic@iD
For@i = 1, i £ Length@t3D, i++,
p = t3@@iDD;
P = InteriorPoints3@pD;
S = Apply@Union, PD;
If@Length@P@@1DDD  5 && Length@P@@2DDD  3 && DPS@SD, Print@PD; Print@SD; Print@DPS@SDDD;
D
The code does not find any maximal non-clean dps tetrahedra which extend a clean tetrahedron.
Combining with the previous three cases, we conclude that there are no non-clean maximal dps tetrahedra.
     Volumes of lattice tetrahedra inside maximal dps polyhedra
The following function calculates the volume of tetrahedron multiplied by 6.
Volume@8p1_, p2_, p3_, p4_<D := Abs@Hp2 - p1L.Cross@p3 - p1, p4 - p1DD;
These are the volumes of lattice tetrahedra contained in maximal dps tetrahedron TH6,8,35L.
Union@Map@Volume,
Subsets@Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, 86, 8, 35<<DD, 84<DDD
81, 2, 3, 4, 5, 7, 8, 11, 17, 35<
These are the volumes of lattice tetrahedra contained in maximal dps tetrahedron TH4,14,39L.
Union@Map@Volume, Subsets@
Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, 84, 14, 39<<DD, 84<DDD
80, 1, 2, 3, 5, 7, 8, 9, 11, 19, 39<
These are the volumes of lattice tetrahedra contained in maximal dps tetrahedron TH4,13,51L.
Union@Map@Volume, Subsets@
Apply@Union, InteriorPoints3@880, 0, 0<, 81, 0, 0<, 80, 1, 0<, 84, 13, 51<<DD, 84<DDD
80, 1, 3, 4, 7, 8, 9, 10, 11, 23, 51<
These are the volumes of lattice tetrahedra contained in maximal dps polyhedron Q1.
Union@Map@Volume, Subsets@882, 1, 0<, 81, 2, 0<,
80, 0, 0<, 81, 1, 0<, 80, 0, -1<, 85, 1, 1<, 84, 3, 1<, 83, 6, 1<<, 84<DDD
80, 1, 2, 3, 4, 5, 7, 9, 11, 12, 13, 15, 27<
These are the volumes of lattice tetrahedra contained in maximal dps polyhedron Q2.
Union@Map@Volume, Subsets@880, 0, 0<, 82, 1, 0<, 81, 2, 0<,
81, 1, 0<, 80, 0, -1<, 8-4, -3, 1<, 8-1, -1, 1<, 87, 4, -1<<, 84<DDD
80, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 23, 25<
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Appendix D
Computer Search for Maximum
Volumes of Clean k-Point Tetrahedra
#include <cstdlib>
#include <iostream>
#include <math.h>
using namespace std;
// function frac computes fractional part of a real number
inline double frac(const double &x)
{
if (x > 0)
return x - floor(x);
else 
return x - ceil(x);
}
// function gcd computes GCD using binary Euclidean algorithm
inline int gcd(const int &u, const int &v){
    if(u == v)
        return v;
    if(u == 0)
        return v;
    if(v == 0)
        return u;
    if(u%2 == 0){ // if u is even
        if(v%2 == 0) // if u and v are even
            return (2*gcd(u/2, v/2));
        else // u is even and v is odd
            return  gcd(u/2, v);
    }
    else if(v%2 == 0) // if u is odd and v is even
        return gcd(u, v/2);
    else{ // both are odd
        if(u>=v)
            return gcd((u-v)/2, v);
        else
            return gcd((v-u)/2, u);
    }
}
68
// function interior computes the number of interior points in tetrahedron T_{a,b,n}
const double tolerance = 0.0000001;
inline int interior(const double &a, const double &b, const double &n)
{
int temp = 0;
double c = 1 - a - b;
for (int t = 1; t < n; t++)
{
double x1 = (frac(t * (n - c) / n) + frac(t * (n - a) / n) + frac(t * (n - b) / n) + frac(t / 
n)) ;
double aps = fabs(x1 - 1);
if (aps < tolerance)
temp++;
}
return temp;
}
int main (int argc, char * const argv[]) {
// the variable max contains the largest volumes, max[i] is the largest volume tetrahedron with i 
interior points
int max[1000];
for (int i = 0; i < 1000; i++)
max[i] = 0;
// kmax is the largest number of interior points in a tetrahedron that we wish to compute volumes for
int kmax;
cin >> kmax;
// the main loop traversing through all possible values of (a,b,n) 
for (int n =  2; n <= 29791/2112.0* 6 * kmax; n++)
{
for(int a = 0; a <= n; a++)
for(int b = a; b <= n; b++)
if ((gcd(a,n) == 1) && (gcd(b,n) == 1) && gcd(abs(1-a-b),n)==1)
{
int x = interior(a,b,n);
if (n > max[x]) max[x] = n;
}
}
cout << "The maximum value of n examined is: " << floor(29791/2112.0* 6 * kmax) <<  endl << endl;
for (int i = 1; i <= kmax; i++)
{
cout << "Clean tetrahedra with " << i << " interior points have maximum volume " << max[i] << 
endl;
}
}
The output of the code for input 5 is:
The maximum value of n examined is: 423
Clean tetrahedra with 1 interior points have maximum volume 20
Clean tetrahedra with 2 interior points have maximum volume 32
Clean tetrahedra with 3 interior points have maximum volume 44
Clean tetrahedra with 4 interior points have maximum volume 56
Clean tetrahedra with 5 interior points have maximum volume 68
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